SECTION B

Vectors

INTRODUCTION

In class XI, we have read about scalars and vectors; various types of vectors—null
vector, proper vector, unit vector, like and unlike vectors, equal vectors, collinear and non-
collinear vectors, free and localised vectors, co-initial vectors, coplanar and non-coplanar
vectors, negative of a vector; multiplication of a vector by a scalar, sum and difference of
vectors; position vector of a point; triangle inequality; section formula; vectors in two and

three dimensions; expressing a vector in terms of unit vectors along x, y and z axes
Ge. i, ]A', 12), and applications of vector algebra in geometry.
In the present chapter, we shall study :
(i) Scalar (dot) product of vectors — its properties
(if) Vector (cross) product of vectors — its properties, area of a triangle, collinear vectors
(iif) Scalar triple product — volume of a parallelopiped, coplanarity

(iv) Proofs of formulae (using vectors) and applications of vectors in some geometrical
problems.

1.1 SCALAR (OR DOT) PRODUCT OF TWO VECTORS

Since vectors have directions, these cannot be multiplied like numbers. We shall see that
there are two types of products of vectors — one of these yield a scalar quantity and the
other a vector quantity. Moreover, as the origin of this branch of Mathematics lies in physical
problems, the definitions of products of vectors should be so framed that are helpful in
applications to physical sciences.

Angle between two vectors

Given two (non-zero) vectors 7 and ?, we can B N
shift them parallel to themselves so that they intersect b
at a point. Then the angle, say 6, between them is .
b
called the angle between the vectors 2 and . Note 5
that 0 <0 < m. 3
0
O A

o] Vv

Fig. 1.1.
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1.1.1 Scalar or dot product of two vectors

The scalar (or dot) product of two (non-zero) vectors a and 3/ denoted by IR
b

Qb (read as a dot ?), is defined as

o

- -
Z-b:I;IIbICOSO=abcose,
Fig. 1.2.

wherea=14al,b=1 bl and 8(0 < 8 < n) is the angle between a

5
and b.

Remarks

1.

2
3

4

5

6

Ifzzaor?:6orboth Zzaand zza,wedefine Zo?zO.

- - - o
. The vectors a and b are known as factors of asb.
. The dot product of two vectors is a scalar quantity.

.IfG:O,Z-Z:ab(aSCOSO:l).

e

.If0=m aeb =—-ab(ascosm=-1).

In particular, a . (- Z) =lal 12l cosm (- angle between 7 and -7 is )

= lal 1Zal (=1) (v cosm=-1)

-2 (- 1-al =a)

. Condition of perpendicularity of two vectors

If 2 and b are perpendicular, the angle between them is g and we obtain
e ? =abcosE = 0.

2
Conversely, if e Z =01ie if abcos ® =0, then eithera=00rb=00rcos 8 =0;
it follows that either (or both) of the vectors is a zero vector or else they are
perpendicular.

N
Therefore, two mnon-zero (proper) wvectors a and b are perpendicular iff

N
a-b = 0, which is the required condition of perpendicularity.

—

R Lo - - — N
Thus, a«b =0iff a=0o0r b=0o0ralb.
>0if0<6< g i.e. if angle between vectors is acute

- -
. Note that Z eb =90if 06 = g .e. if Z and b are perpendicular

<0if g < 0 <mie. if angle between vectors is obtuse.

. Square of a vector
The scalar product of a vector 2 with itself is called the square of the vector a,

. X - o -2
and is written as a e a or (a)”.

- - > -
()’ =aea=aacos0=a.a.1=a2=14al%

Thus, the square of a vector is equal to the square of its modulus.
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The length of a vector can be found by using

- - - - -
|g|:\a.g ('.'|ll|2:a'

A A A

9. Squares and scalar products of i, j, k

)

Since 1, ]A and k are unit vectors along the coordinate axes i.e. along three

mutually perpendicular lines, we have

Similarly, ]A .
i

Also

1.1.2 Properties of scalar (or dot) product

. . . -
Theorem 1. The scalar product is commutative i.e. a

cb=bea.
-

Proof. If a = 0 or E)=6,thenbydeﬁnition, ;-E)=0, bea=0sothat aeb =10

RN

N
a.

If 1_1), b are two non-zero vectors, let 6 be the angle between 2 and Z (0 <8 <m). Then

o -
angle between b and a is also 6.

- - =
eb =abcos®=bacosO=beaqa.

l

N
a .

2l

<l

5
Thus, eb =

Theorem 2. If a, b are any vectors and m is any real number (scalar), then
— - — - — -
ma)eb=m(aeb)=aemb).
- d - o N —
Corollary 1. a e(—b)=—-(aeb)=(-a)e(b).

- - - d
Corollary 2. (—a)e(-=b)=asb.
Theorem 3. The scalar product is distributive w.r.t. addition i.e.

Z-(?+?)=3-B)+Z-?.
Corollary 1. Z-(?+?+3):Z-?+;-?+Z-d and, in general
Ae(b+C+d+.)=aeb+aec+aed+
Corollary 2. Z-(?—?):Q-E—Z-?.
We have @+(b =)= as(b+(=C)=asb+ae(-0)

= Geb+(-(aeC)=aeb-asc.
Corollary 3. Scalar product of sums of vectors

- - - - - A ) N - o
We have (a + b)e(c +d)=(a +b)ec+(a +b)ed

- - -
= ?.(;+b)+d.(2+b)

(- the scalar product is commutative)
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e T e A G
= cea+ceb +dea+deb
- - - > - -
= qaec +t+bhec +aed +bed.
Corollary 4. (i) (2 +b)> = (22 +270 b +(b)?
i) (@02 =(a)-2a+b +(D)>
(iii) (2 +b)e(a—1b)=(a)? - (b)?
(iv) (a+B)+(a-0b) =2[(d) +(b)]
@) @+b? —(3-b)P=4a+0.
- - - e A e s S S e 4
Proof. (i) (a +b)?> =(a+b)e(a+b)=aea+aeb+bea+beb
— a-a+a-b+a-b+beb (cbea=aeh)
= (2)2+2a+b+(b)>.
Proofs of (ii), (iii), (iv) and (v) are left for the reader.
- - - - g - - —
Corollary 5. If aeb = aec, then either 4 =0 or b = ¢ or a is perpendicular to
(b - ).
Proof.Z-Z=Z-E}:>Z-I_;—Z-?=O:>Z-(3—?)=O
= either 2= 0or b-c =0 or 2 is perpendicular to (3—?)
— cither a=0 or b=7¢ or a is perpendicular to (?—?).

1.1.3 Scalar product of two vectors in terms of their rectangular
components

N ~ ~ ~ - ~ ~ ~
Leta =aji+a,j+askand b =0bi+b,j+bsk,

- o - A - . - ~

then aeb = (a;i+a,j+agk)e(bji+b,j+byk)

A

=mbisit+tabyiejtabyiek+a,bjei+tab,jej

+ a2b3}-12+u3bll€-f+a3bzlgo}+a3b3I€-I€
:alb1+a2b2+a3b3 ((;)2 :(})2 :(é)2 =1 and g.}:}.i:]g.{:())

Thus, a+b =a,b, +a,b, + a;b;.
Therefore, the scalar product of two vectors is equal to the sum of the products of their
corresponding rectangular components.

Corollary. Let a= a i+ a, } +a, kb= b, i+ b, } + b, k, then 7 and b are perpendicular
iff 2eb =0 ie iff a b, + ayby + azby = 0.

Thus, @ and b are perpendicular iff a,b, + a,b, + a;b; = 0.
1.1.4 Angle between two vectors

N -
Angle 6 between two vectors a and b can be found by using

- 7 -
aeb _ a-

=
ab 7

- Z)
aeb =abcos® = cos 0= —.
b
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~ A A d A A A~ d
If @ = ayi +ayj +azk and b = bi +b,j+byk, then angle 6 between vectors 2 and b
is given by
by + axby + azbs

2 2 2 [, 2 2 2
\/111 +ay +a, \/b1 +b, +by

cos 0 =

1.1.5 Geometrical interpretation of scalar product

— — N -
Let OA and OB represent vectors a and b

respectively, then B
- A |
a=1lal=10Al =10Al =0OA and ML
%
b-1b1=10BI = I0BI - OB. ARG
Let ZAOB = 6 and M, N be the feet of | S
perpendiculars from A, B on OB, OA respectively. 0 | N -
S |
From right angled AOAM, o) N A
oM , 2
cos 6 = OA = OM = OA cos 0 ...(D) Fig. 1.3.

5
Now, projection of 2 on b =OM = OA cos 6 = a cos 6,
- - -
aeb =abcos 6 =Db(acos6) =b . projection of a on b.
—
Similarly, projection of b on 2 =ON = OB cos 0 = b cos 6,

- - -
aeb =abcos 0 =a(bcos0) =a.projection of b on a.

5
Thus, a+ b can be defined as the product of the modulus of one vector and the
projection of the other vector upon it.

N -
Also, we find that projection of 4 on b =acos 6 =a.

Hence, the (scalar) projection of vector 4 on vector 5) = u.

Similarly, the (scalar) projection of vector b on vector @

1.1.6 Direction cosines of a given vector

- -
Let AB be any vector in space and OP be a vector passing

%
through origin O and parallel to the vector AB. If the / B

_)
vector OP makes angles o, B and vy with the three
rectangular axes respectively as shown in fig. 1.4, then «,

%
B and y are called the direction angles of the vector AB B
and cos o, cos B and cos y are called direction cosines of

%
the vector AB.
If o, B and 7y are the direction angles of a (non-zero)

R . . X -
s ) ) . . . .
vector a =a,i +a,j +ask, then its direction cosines Fig. 1.4.

are given as

- 2 - 2 - - o

aei aei aej aek
Cos O = = , cos B = and cos y =

- A - -

lallil lal lal lal
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. a a a
ie. coso = —-,cos = —2 and cos Y= =
— - -
lal lal lal

ie. IZI Cos o = ay, IZI cos B = a, and IZI COs Y = dj.
It follows that the scalar components 4,, a, and a, of the vector 7 are the projections of

2 along x-axis, y-axis and z-axis respectively.
ILLUSTRATIVE EXAMPLES

Example 1. If @ is a unit vector and (27a + b)s(23 - b) =2, then find | bl

. . - . . —
Solution. Since 4 is a unit vector, | a | = 1.

Given 24 +D0)s(24 —b) =2 =2724 -2db +Db+2d-beb =2

= 41Tk -1bR =2 (v @b =0D7a)
= 4.1-1b12=2 (w131 =1
= 1012=2 = Ibl=+2 (as magnitude of a vector is non-negative)
- 7 - 7 - - . N -
Example 2. If (a —b)+(a +b) =8and | al =81 b l,find | al and | b I.
Solution. Given (_a)—?)-(_a)+?)=8 :Z-Z+Z-Z—Z-Z—?-?:8
= 1dR-15P=8 (v deb=0+a)
= 641012-1712=8 (- 131 =81F1, given)
20 71 = E
> 6315P=8= 151 2.

- - |8
lal =8 |b|—8\j63.

Example 3. If the angle between two vectors a and b of equal magnitude is 30° and their

scalar product is 2+/3, find their magnitudes.

Solution. Given | 7 | = |ZI, 0 (angle between 2 and 3)=30° and 2+b =23
3

— 1731151 cos30° =243 = |Z|2.‘73:z@

| =2

.

5
= lal2=4 = |

5
a
N -
Hence, | al =2=10b

Example 4. Find the angle between two vectors a and b with magnitudes ~'3 and 2 respectively
and 3+5 = 6.

Solution. Let 6 be the angle between the vectors 7 and b.

Given Z-Z=\/€: | a | |Z|C059=\/€

= J3.2cos 8 =16 ('.'IZ|=\/§and|Z|=2given)
= cosG:Z\\/%=\1E = cos 0 = cos 45° = 0 = 45°.

Hence, the angle between the given vectors = 45°.
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Example 5. Find the angle between two vectors i - 2]A' + 3k and 31 — 2}' + k.

Solution. Let 2 = i —2}' +3k and b = 3] —2}' + k.

Then @b = (i -2 +3k)« @i =27 + k)
=1x3+(-2)(-2)+3x1=3+4+3=10

121 = JI2+(22+32 =414 and | b | = 32 +(—22+1> =14 .

Let 6 be the angle between the given vectors, then 6 is given by

10 _10_5 L g_ cos-1 (5)
7 7

b 0
mem 14

cos 6 =

Example 6. IfZ =i +2]A' ~3kand b =37 - } + 2k, show that the vectors a + b and

7 - b are perpendicular to each other.

Solution. Given 2 = i +2]A' ~3kand b =37 - ]A + 2k,

2l

+

Z=(f+2}'—3l€)+(3f—}+212)=4z°+f—l€and
b =(i +2] -3k)-@Bi -] +2k)=-2i +3] - 5k.

(4 +b0)e(a-0)=4(=2+1x3+(-1) (-5
=-8+3+5=0.

Thus, the dot product of two non-zero vectors 2+ band a-bis zero, therefore, the

vectors @ + b and 4 — b are perpendicular to each other.

Example 7.If @ =4i + 2] — k and b =5i +27 =3k, find the angle between the vectors
4+0band a-0.
Solution. Given 2 =4i +2j — k and b =5i +2j -3k
D+ =i +2] —k)+ (i +2] -3k)=9] +4] -4k and
a-b =i +2] - k)-(i +2] -3k)=-1 +0j +2Fk
(7+0b)e(a-5)=9x(=1)+4x0+(-4) x2=-17

92+ 42+ (42 =113 and | 74 — b| = JC12+02+22 =45

Let 0 be the angle between the vectors @ + b and a — b is given by

o8 6 — (a+B)e(a-b) _ -7 _ 17 = cos-! (_ 17 J
ey Y1135 565 565 )

Example 8. Prove that the three vectors 3i+ ]A +2k i - ]A —koand i+ 5]A' — 4k are at right
angles to one another.
. - St AL Pt 4T >t et a7
Solution. Let 4 =3i+j+2k, b=i—-j—kand c =i+5j—-4k.

We note that all the three vectors are non-zero.
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7 (Bi+j+2k)e(i-]—Fk)
BG)M+@)1)+(@(-1)=0.

5
Thus, the dot product of two non-zero vectors 7 and b is zero, therefore, these vectors
are perpendicular to each other.

5
Now b

Again be¢ = (1—j—K)e(i+5]—4k)
=M+ ENDE)+E)EE4H)=0
and Cea = (1+5]-4k) (3 i+]+2k)

MG +G @)+ (-4 @=0.

N
As above, it follows that b, ¢ are perpendicular and ¢, a are perpendicular. Hence, all

the three given vectors are perpendicular to one another.
Example 9. Find the value of A so that the two vectors 2i + S]A' —k and — 4i - 6]A' + Mk are
(1) parallel (i) perpendicular to each other.
- - Ao A A A
Solution. Let 4 =2i+3j -k, b = -4i-6j +Ak.

@) 7 and Z are parallel to each other iff

(i) a and b are perpendicular to each other iff 2eb =0
ie. if(2)(-4)+@GB)(-6)+(-1)(A)=0=r=-8-18 =-26.
Example 10. If 2 =3i +2f +9kand b =i +/l; +3I€,ﬁndthevalueof&sa that @ + b
is perpendicular to a — b.
Solution. Given 4 = 3i +2f +9k and b =1 + lf + 3k,
2+ b =41 +(2+k)} +12k and @ - b =21 +(2—7»)f +6k.
As the vector @ + b is perpendicular to the vector a — b,
wehave(_a>+_b>)-(z—3)20
= 4x2+2+0Q2-MN)+12x6=0=28+4-22+72=0

= A2=84 = A=+221.

Example 11. If @ and b are unit vectors such that 2a — 45 and 100 + 80 are

perpendicular to each other, find the angle between vectors 2 and b. (1.S.C. 2005)

Solution. Since @ and E) are unit vectors, | 2l =1and | gl = 1.

As the vectors 27 — 45 and 104 + 87 are perpendicular to each other,
(24 —4%) (102 +8b) =0

= 20(a2+16ad b -40a « b -32(b)2=0

= 201a12-243+b-321b12=0
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= 20.12-24 12| |51 cos8-32.12=0where 8is the angle between vectors 7 and b
= 20-24.1.1.c0s0-32=0 =-12-24cos 6 =0

= 056 =- = 6=120".

Hence, the angle between vectors 2 and b is 120°.

a

Example 12. Let @ = i + 3] + 7k and b =7i - j + 8k, find :

(i) the projection of a on [} (if) projection of bon a.

Solution. Given a = i + 3}’ +7kand b =7i - j + 8k,

-

e b =1x7+3x(=1)+7x8 = 60.

(@) bl = 472+ (=12 + 82 =114

The projection of @ on b= M -0
7 V4o
(ii) 12l = 12+3%+72 =59 .
5
The projection of b on a = a-b _ 60
lal V59

Example 13. Find A when the scalar projection of a = Ai+ ]A +dkon b =21+ 6]A' + 3k is

4 units.
5> Aed
Solution. The scalar projection of @ on b = a_) = 4 (given) 0
bl

Here a+b =AXx2+1x6+4x3=2)%+18

and 1Bl = vV22+62+32 =449 = 7.

20 +18

From (i), we get =4 = A=5.

Example 14. The vectors @ = 3i+ x]A' —kand b = 2i + ]A + ylg are mutually perpendicular.

Given that 131 = 18 |, find the values of x and y. (I.S.C. 2002)

- -
Solution. Since 7 L b, a+b =0

= 3x2+xx1+(-1)xy=0 = y-x=6 ...(0)

Given |31 = 1b| = 1dR=1bP

= F+2+(-102=22+12+y> = y>*-x2=5

= y-x)(y +x)=5

= 6(y+x)=5 (using (7))

= y+x:g ...(11)
. . . _ 3 _ 4

Solving (i) and (ii), we get x = o and y o
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-

- - - - - - - o - - - - - - -
= aeaqa + aeb + aec + bea + beb + bec + cec + ceb + cea =0
-
= 142+ 1612+ 1c12+2(aeb + bec + coea)=0
= 12+442+22+2pu=0 =21 +2u=0
Lo,
u 5

EXERCISE 1.1

1. Evaluate the scalar product (3a —5?)-(2 a+ 7?).
2. (i) If 4 is a unit vector and (X +a)+(x —a) =12, find | % |.

() If 4 is a unit vector and (23 + ?) . (22 = Z) = 2, then find 15 1.
3.1f(a + b)e(a-b)=3and |2l =21b1,find | aland I51.
1, find (@ - b)2.

4 and 3-?
b

4. () Iflal =3 150l

b=8findld-0l.
o oo

.
b =

G)If 121 =2, 15| =5and 7 -
- N -
bl=3and a+b =-8, find | a +30b .

(i) I 1d1 =2, 15
5. If the angle between two vectors @ and b of equal magnitude is 60° and their scalar

product is %, find their magnitudes.

6. (i) Find the angle between two vectors 7 and E), given that | al =3 | b1 =4and
o >
a.b =6.
(i1) Find the angle between vectors Zand b suchthat |21 =101 =3and 2+5 =1.

(iii) Find the angle between two vectors if they have same length V2 and their scalar
product is — 1.

A

7. Find the angle between the vectors 2 = i +j— k and bo=i- j+ k.

8. If 7=5i+3j+4k and b = 6/ — 8, then find

G1al  G)1bl Gi)la+bl (o)la-bl () aeb
(vi) bed (vii) the angle 6 between 2 and Z
N
(viii) the projection of 7 on Z (ix) the projection of b on a.

= = ~ ~ N ~ ~ A
9. (i) Find (b —a)+(3a + b) where a =i-2]+5k b =2i+j-3k.

- = A A A A A A
(if) Find (2 +3b)(2a — b) where @ =i+ +2k b =3i+2] k.

~

10. (i) Find the projection of 7=2i +3j +2k on the vector b= 1 +2j + k
(ii) Find the projection of i —j in the direction of i + j.

(i) Find A when the projection of i+ k]A' +kon i +]A' is /2 units.
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21.

22.

23.

24.

25.

26.

If the points A, B, C and D have position vectors — i+ ]A 4k, 1 + } 4k,

N | =
N =

i - % j +4k and -1 - % j + 4k respectively, show that ABCD is a rectangle. Also,
find its area.
If the volume of the paralleloplped whose coterminus edges are represented by the

vectors 5i — 4] +k 4i+ 3] +Akand i —2] +7k is 216 cubic units, find the value
of A.

Using scalar triple product, prove that the points (-1, 4, -3), (3, 2, =5), (-3, 8, -=5) and
(=3, 2, 1) are coplanar.

The position vectors of the points A, B, C and D are 37— 2]A' - 12, 27+ 3;—4]2,
—i+ ]A +2k and 4i + 5]A' +0k respectively. If the points A, B, C and D lie in a plane,
find the value of A.

Find A so that the four points with position vectors i +2j +3k, 3i —]A'+ 2k,
—22+l;+l€, 6?—4}' +2k are coplanar.

Three concurrent edges OA, OB, OC of a parallelopiped are represented by three
vectors 2i + j — k, i+ 2 + 3k, - 3i - i+ k. Find the area of the face made by OA and
OB, and the volume of the solid. Also find the surface area of the parallelopiped and
the combined length of all its edges.

Hint. Surface area = 2 (14 x Dl+1b xCl+1¢ x al),

and length of edges = 4 (14| + D1+ 121).

ANSWERS )
EXERCISE 1.1
1. 61212 +11a-b =351 2. 2. (i) V13 (i) 2.
3. 121 =2 161 =1. 4. ()23 (i) V13 (iii) /37 .
5.1, 1. 6. (i) 60° (if) cos™! (%) (i) 120°. 7. cos! (—%)
8. (i) 52 (i) 10 (iii) 92 (iv) 138 (0) 6
. . L 3 3 .6
(vi) 6 (vii) cos [—25 \/EJ (viii) s (ix) ok
9. (i) —106 (ii) —15. 10. (i) 2% units (i) 0 (i) 1.
. 7
11. (1) 3 (i1) 5
13. 120°. 14. 30°. 15. 7. 16. 4. 18. 90°
19. 2 units. 20. +473. 21. (i) -15 (ii) % 2. 8
> (3 (6 (2 52 14
30. b is any vector. 32. cos’! (7), cos1 (— 7), cos™1 (7) 33. EZ —5 j-

34.

() 31 +2k (i) i+2j+2k. 35. +@(z+]+k) 37. cosl (—1)
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