Integration

9.1 INTEGRATION

If %(F (x)) = f(x), then Jf(x) dx = F(x) + C.

The function F (x) is called anti-derivative or primitive or integral of the function f(x) and
C is called constant of integration or arbitrary constant.

The process of finding functions whose derivative is given is called anti-differentiation or
integration.

9.1.1 Some Elementary Standard Integrals

xn+1
1. | x"dx = +C n#-1
n+1
Corollary.fdx =x+C
Z.J.ldx=log|xI+C 3.jaxdx= ar +C a>0a=1
x log a
4.fe"dx=ex+C 5.fsinxdx=—cosx+C
6._[cosxdx:sinx+C 7.fsec2xdx:tanx+C
8.fcoseczxdx=—cotx+C 9.fsecxtanxdx=secx+C
10. J.COSEC.XCOthX=—COSGCX+C.

(For proofs, see Understanding ISC Mathematics XI)
9.1.2 Four Standard Theorems

Theorem 1. ([ f(x)) dx = f(x)
Theorem 2. [0 f(x) dx = o [ f(x) dx, for all o € R
Theorem 3. [(f; (x) + £(x) = f5(x) + ...) dx
= [ /() dx + [ f,(x) dx = [ fyx) dx + ...

Theorem 4. [f’(3(x)) g(x) dx = f(g(x)) + C.
(For proofs, see Understanding ISC Mathematics XI)
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ILLUSTRATIVE EXAMPLES
Example 1. Evaluate the following integrals :

. 1 8 .. (a* +b")2
(i) J (x—;) dx (i1) Jde.

Solution. (i)j (x - %)3 dx = .[ (x3 _ % - 3x.l(x - l)) dx

X X X
- J. [x3—x‘3—3x+3.l]dx
X
x4 x2 x2
- I____3,?+310g x| +C
4
-2 L 3 3l0glxl + C
4 2x2 2

[ e [ [ (8] o)

) L@
= b v + 20+ Coazb.

a
log - log—
ogy log-

In particular, if a = b, then

J %dﬁc = J (2'125 dx=_[4dx=4x+C,

a*.

Example 2. Evaluate the following integrals :
(i) | 9w dx (ii) [ e3losx (x4) dx  (iii) | a8 * dx.

Solution. (i) .[910g3x dx I(32)1°g3x dx = J’32log3x dx
_ I3log3x2dx - J x2 dx | a108:% = y

3
- Y ic=1eic
3 3

(i) ,[emog * (xt) dx _[ elos x* (x4) dx = j X3t dx | elosx = x

I%dx=logx+C.

(iii) First we note that glog x = x loga,
Taking logarithm of both sides, we get
log (alog x) — log (xlog a)

= log x log a = log a log x, which is true.
loga+1
jalogx dx = J doga gy = X5 ¢
log a+1

Example 3. Evaluate the following integrals :
(i) J. tan®x dx (i1) ‘[ ~1—sin2x dx.

Solution. (7) I tan? x dx = J (sec2x —1) dx =tan x — x + C.
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(i1 _[ J1-sin2x dx

j Ncos? x + sin2 x — 2 sin x cos x dx

I(cos X —sin x) dx = sin x —(-cos x) + C

sin x + cos x + C.

Example 4. Evaluate the following integrals:

(l.)J‘ 1 dx (”)J. Sin x
1+ secx 1+sznx

Solution. (i) J. 1 dx = J‘ 1 5 Secx _1dx _ J‘ secx —1 dx

1+ secx secx+1 secx—1 sec2 x —1

secx — 1 _ sec x 1
= ——dx = L dx
tan< x tanc x tan- x

= f (cosec x cot x — cot? x) dx = _[ cosec x cot x dx — J (cosec? x — 1) dx

= —cosecx —(—cotx —x) + C=—-cosecx + cot x +x + C.
.. i +
(i) sm'x dx = (1 sin x) — J’ 1dx — '[
1+sinx 1+sinx 1+smx

1-sinx _ 1-sinx
- —— X ——dx = x — — dx
l+sinx 1-sinx Ccos“ X

1 sin x
x—j(—2— > ]dx=x—j(sec2x—secxtanx)dx
COs* X COs* X

=x—-(tanx -secx) + C=x—tan x + sec x + C.

Example 5. Evaluate the following integrals :
(i) j cos~! (sin x) dx (i1) J. tan—1 (sec x + tan x) dx

(iii) J. tan 1 [ MJ dx
1+ sinx

Solution. (i) J. cos™! (sin x) dx = J. cos™! (cos (E - x)) dx = J (g - xj dx

T X
—x-— +C
2 2
(i )J.’carr1 (sec x + tan x) dx = tan ! Smx
COSX COSX
1+s COS —+x
= J”carrl ( smx] dx = J tan! dx
COS x
sm —+x
2sin? g+%
= J‘tan‘1 dx = J tan™! (tan (E+£D dx
T X T X 4 2
2sin| — + — | cos| — + —
4 2 4 2
= J‘(E+£)dx: £x+1 ﬁ+C=£(n+x)+C
4 2 4 2 2 4

—sinx 1~ cos
(7171) | tan™! tan~! | |
1 + sin x
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ToX
2 sin? (— - —j
= J tan-! | — 4 2) ) gy = J tan™! (tan (E - f)) dx
2 cos? (E - E) 4 2
4 2
_ T X _n o1 _n_ x%
- (G35 a=famggre=ir- e
EXERCISE 9.1
Evaluate the following (1 to 16) integrals :
2
) 1 . 3+ 5t—7t2
16 | (&—ﬁj dx Gy | ST gy
2. () [@x-1) (2 +1) dx G | x (2x—_j dx.
3. (i) [ (25)°85% dx (ii) [ 298s% dx.
4. (Z) J‘ e2logx(x—3) dx (ll) '[ (exloga +ealogx _ealoga) dx.
. x10 —1 ..
5 (l) J. x—1 dx (ll) J. 1— cos2x
6. (i) J. cot? x dx (i1) J (tan2 x—7x2+ 1) dx.
X
. 1 o 1
7. (l) J 1+Cosxdx (”) J 1+sinxdx
2 5
8. (i) j sin (i) | 1+ sin2x dx.
1+ cos x
9. (i) _[ (2 tan x — 3 cot x)? dx (11) j (x3/2 — cos? %) dx.
: . X X o oS 2x
10. (i) J. («/E —sinzcos + 5) dx (i) J Py e e dx
g sec x o COS X — COS 2x
1. @ J sec x + tan x 2 (ll) J 11— cosx i
sin x + cos x CoSs 2x — cos 20
12 @, J. «/1+51n2x (&) .[ COS X — COS O i
Hint. (i7) cos 2x cos200=(2cos?2x —1) — (2 cos? oo — 1) = 2 (cos? x — cos? o).
18. () [—— dx (i) [S—5F T
sm XCOS X sm XCOS X
g 1 sin2x — Cos 2x
2@ J. cot (1 — cos ZxJ ez ) .[ tan” (\ 1+ cos ZxJ s
g . 2tanx o 1| 1-tan“x
15. (i) J. sin (—1+ tanzx] dx (11) I cos [—1+ tanzx] dx
16. (i) I tan! (cosec x — cot x) dx (i1) j tan! (cosec x + cot x) dx.

17. If f'(x) =asinx + b cos x, f*(0) =4, f(0) =3 andf[%] =5, find f(x)

9.2 INTEGRATION BY SUBSTITUTION

Some functions can be integrated directly by the use of standard integrals while there exist
some functions which cannot be integrated directly but can be reduced to the standard
integrals by proper substitution i.e. by the introduction of new variable. The method of
evaluating an integral by reducing it to standard form by a substitution is called integration
by substitution.
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Remark. The method of substitution is essentially the use of theorem 4, namely

| F(g(x) §'(x) dx = f(g(x)) + C.
9.2.1 Theorem. If_[f(x) dx = F(x) + C, then

[flax +b)dx = E&*D 4 ¢ 5w,

a

Proof. Putax + b=t thenadx =dt = dx = %dt,

Jf(ax + b) dx

[f@®) . %dt = T fa at

a a

+ C,a=+0.

Hence, we have the following important rule:

If the integral of a function of x is known, then if x is multiplied by a constant and to the product
is added another constant, the integral is of the same form but it is divided by the coefficient of x.

Remark. Long division
In a rational function, if the degree of the numerator of the integrand is equal to
or greater than that of denominator, divide the numerator by the denominator
until the degree of the remainder is less than that of the denominator.
In this context, remember that

numerator remainder

= quotient +

denominator denominator -

ILLUSTRATIVE EXAMPLES
Example 1. Evaluate the following integrals :

() [ == dx () [1027 dx  Gii) [ N1+ sinx dx.

. . 1 B (Bx —2)2
Solution. ——— dx = | Bx-2)24dx = 22"+ C
olution (z)'[m X J(x ) X %.3

= %«/39(—2 + C.
. sl _ 102x+1 _ 102x+1
(it -[10 ax Iog10.2+c_ 21log 10

(iif) j V1+sinx dx

‘\““ 2£+ i 2£+2 int X
J‘Vcos 5 sin > smzcos2 dx

X X sinE —cosE
.[ [cos§+sin§jdx = 2 4 24C

1
2

N | =

=2 (sin%—cos%) + C.
Example 2. Find all the primitives of the following functions :

N Edy ooy .. 1 L x2
(i) 5% ¢ (i) N TSPV (ii1) Tt

Solution. () J 572 o=2x (x

-, _ (5e)2%
J (Se)y ™ dx = log 5¢ (- 2) +C

_ (56)—2x
2 log 5e
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(ii) J‘ dx — 1 x«/2x+3—V2x—3
V2x +3 +V2x -3 V2x+3+V2x -3 V2x+3-2x-3
_ 2x + —N2x 3 _ 1 J 1/2 1/2
- [ syt =g ) @+ 312 - - 91 dx
3/2 — 12)3/2
_ 1 @rrdR @e-3 ) ol L (x4 332 - (2x - 3)2) + C.
6| 3, 3, 18
2° 2°
(i) [ 2= dx 1-x) 2 (-x-1
1-x X2 - x
1 -+
_ j(-x—1+ jdx —
1-x
x -1
= — ﬁ_x+w +C -+
-1 1
x2
= - (7+x+log|1—x|] + C
Example 3. Find all the anti-derivatives of the following functions :
. 2x . x+2
(1) Il (ii)) Bx + 1) V2x -1 (iii) NP
: (zx+1)1:(1_1j
Solution. () (2x+1)2 dx = o dx J il 12 dx

_ 1 S _logl2x +11 (2x + 1!
B J-(Zx+1 (2x+1) )dx_ 2 -1.2 +C

1 1
E(1og|zx+1|+2x+1] C.

(ii)_[ Gx + 1) v2x -1 dx J'[ Qx—1)+ jv2x 1dx

J @x-1p2dr+ 2 [ @x - D2 dx

152 132
(2x5 1) +E.(2x3 1)3/ L C

22 2 20

2 2

N| W N | W

-3 _1y/2 4 2 _1)3/2
m 2x -1) +6(2x 1)3/2 + C.

1
— +1)+ =
3(3x : 3 dx

(iii) j X+ 2
N3x +1 3x+1

(% Gx + 1)V2 + §(3x 4 1)—1/2jdx

_ 1’(3x+1)3/2 5 (3x+1)1/2 L C
3 3, 3 1,
2 2

ZEx+ D2+ DB+ 1 + C
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Example 4. Evaluate the following integrals :
(i) J. sin® x dx (i) J. cos* x dx (i) J. sin 4x cos 7x dx.

3sin x — sin 3x
- dx

Solution. (i) .[ sin® x dx = 1

|sin 3x = 3 sin x — 4 sin3 x

3 1 cos 3x
Z (- - |- + C
4( Cos x) 4( 3 j

1
= E(cos3x—9cosx)+C.

2
(i) | cost x dx = [ (cos? xP dx = | (Lreos2e)f

=

J(l + 2 cos 2x + cos? 2x) dx = iJ‘ (1+2cos2x+%)dx

J(S + 4 cos 2x + cos 4x) dx [3 x+4. 31r122x + Sin4x} +C

Bl- -

(12x + 8 sin 2x + sin 4x) + C.

(7if) Jsin 4x cos 7x dx % J 2 sin 4x cos 7x dx

% J (sin (4x + 7x) + sin (4x — 7x)) dx

% J(sin 11x —sin 3x) dx = l.(—ﬂ—(msg’c)j + C

2 11 3

% (=3 cos 11x + 11 cos 3x) + C.

Example 5. Evaluate the following integers :

. . 1+ 4
(i) J (sin® x + cos® x) dx  (ii) J oS T
cotx —tanx

Solution. (i) J‘(sin6 X + cos® x) dx = I((sinz x)3 + (cos? x)3) dx

= J.((sin2 x + cos? x)3 — 3 sin? x cos? x (sin? x + cos? x)) dx
[ a®+b3=(a+0b)°-3ab(a+Db)]

= J.(13 — 3 sin?x cos? x.1) dx = J (1 -3 (2 sinx cos x) ) dx

'[(1- Esin22x) dx = J‘(l—gﬂ] dx
4 4 2

%J.(S + 3 cos 4x) dx = %(5x+3 Sirij + C

1
N [20x + 3 sin 4x] + C.

.. 1+ 4 2 22 2 22.. 22'. )
(i) J.ﬂdx: Judx:J cos” 2x. sinxcosx dx='|.wdx

cot x—tan x cosx sinx cos? x —sin? x cos2x
sinx cosx

J.COS 2x sin 2x dx = % J.2 sin 2x cos 2x dx

lJ.sin4xdx= 1 . (— COS4x) +C:—1cos4x+C.
2 2 4 8



INTEGRATION

ANSWERS ]

10.

11.
12.
13.

14.

15.

16.
17.

(i)

x2
>t log lxI-2x +C

4,3
X X
— -+ x2-x+
2 3

leic
3

log x + C

10 9 48
v+ 4

+x+
0 9 8 ¥+

—cotx—-x+C

— cot x + cosec x + C
x—sinx + C

4tanx -9 cotx —25x + C

gch/3+lcosx+5x+C
3 2

tan x —sec x + C
x +C

tan x — cot x + C
1

=x2+C
2

x2+ C
1

—x2+C
4

2cosx +4sinx+ 1.

(i)

i

S
~

(@)

(i)

(i)

(@)

% (ax + b)3/2 + C

—%log|5—3x|+C

—%tan(7—3x)+C

¥ ox2 x 1 o oxdarl g3«
?—§+§—Elogl2x+1l+C (i1) 3a+1+—310ga+c
é[(Zx +3)3/2 4+ (2x)3/2] + C (i) log |x + 1]+ — +C.

1 3 W 2 4

E(Zx —-1)3/2 + Ex/2x -1+C (@) 4—5(3x - 2)3/2 + E(Bx -2p/2+ C.

i(2x + sin 2x) + C
%(49( —sin (4x + 10) + C

242 sin% +C

EXERCISE 9.1

(ii) 6~t+ %tlﬁ _%tS/Z +C

N 4 4
x> —=x3+x+C
(i1) e 3

(ii) §x3/2 +C

ax xa+1
+

(@) loga a+1

(1) - % cot x + C.

7
(#) tanx—x—§x3+log x| + C.

(1) tan x — sec x + C.
(i1) sin x — cos x + C.

Gi) 2 x52 —%x—% sin x + C.

5

ii) —cot x — tan x + C.

if) 2 (sin x + x cos &) + C.
ii) tan x — cot x — 3x + C.

(
(1) 2 sinx +x + C.
(
(

(ii) % 2+ C

(i) x*+ C.

Gy Zx- Lyic
273

EXERCISE 9.2

) @t

e +C, n=#-1.

(ii) 2+e* + C.

(ii) %(62" C e 4 dy) + C

1

(1) —(12x — 8 sin 2x + sin 4x) +

32

(i) 6i4(24x + 8 sin 4x + sin 8x) + C.

(i1) Z(SinE + cos zj + C.
2 2

-a".x +C.

C.

A-471
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