Definite Integrals

10.1 FUNDAMENTAL THEOREM OF INTEGRAL CALCULUS

Let f be a continuous function on the closed interval [a, b] and ¢ be an anti-derivative of

f, then
b

J f(x)dx =¢ (b) - ¢ (a). (We assume it without proof)
In woards, the above theorem tells us that

b
I f (x) dx = (value of an anti-derivative at b, the upper limit)

. — (value of the same anti-derivative at a, the lower limit).

Remarks

1. We often write ¢ (b) — ¢ (a) as [¢(x)]z.
2. No matter which anti-derivative we take as ¢, the value of the definite integral
comes out to be the same.

10.1.1 Evaluation of Definite Integrals

The fundamental theorem enables us to evaluate the definite integrals by making use of anti-
derivatives.

ILLUSTRATIVE EXAMPLES
Example 1. Evaluate the following :

1 5
; .. dt
(i) ! (2 %3 + 32 dx (i) j e
3

1 1

Solution. (i) I 2x3 + 3)2dx = I (4x6+12x3 +9) dx
0 0

1

r 7 4
- 4.%+12.%+9x} =[§x7+3x4+9x}
L 0

_ (4 _ _ 88
- (7+3+9) ©0+0+0) =%

1

0

Tt —log|1+3t|i|5_

|7 = 3 = = (log 16 - log 10)

1
L 3 3
1 op 16 - 11008
3 %7073
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Example 2. Evaluate the following :

/2 /2
(i) J cos? x dx (ii) J cost x dx.
0 0
/2 /2 1+ ”
Solution. () J. cos? x dx = J. COS2X gx =
2
0 0
_ 1w 1 .
= 2{(2+zsmnj (0
1{(m B 1 1

/2 /2 /2 1+ ’ 2
. 4 - 2 2 - COS 424X
(i) .(’).cos x dx '(’).(COS x)2 dx j (—2 ) dx

0

UNDERSTANDING ISC MATHEMATICS-XII

/2

I (1+2cos2x + cos? 2x) dx = % j(1+2cos2x+

0

sin 2 x

[3x+4.

| =

- lTt/2
4
0
/2
= % J. (3 + 4 cos 2x + cos 4x) dx
0
1 4 . . 1,. .
= —[3(——0)+2(smn—s1n0)+—(sm2n—sm0)}
8 2 4
135, 5 00ys L(0-0)] =38
_§[7+2(0 0)+1(0 0)} o,

Example 3. Evaluate the following :

/2 /2

(i) J. 1+ cos2x dx (ii) J. 1+ sin2x dx.
0 0
/2 /2

Solution. (i) J 1+ cos2x dx
0

I 2 cos? x dx
0

/2

«Ej cos x dx
0

/2

= «EJ. lcos x| dx
0

sin 4 x:l”/z
+

1+cos4dx

> )dx

0

T
(AsOSxSE:costO: lcos x| = cos x)

_ 2
2 [sinx ]Z/ =

V2 (1 -0)
/2

(i) J. J1+sin2x dx
0

/2 |
J \‘;“1+cos[%—2x) dx =

0

/2
~ T
= /2_[ cos|——x
A (4 j
0
AsO<x<Eso02-x2-2 2Ty
{ 2 2 47 4
T T T
> -—-—< - —-x< —
4 4 4

N2 [sin g —sin O}

V2.

/2

J. 2 cos? (E - xj dx
0 4

/2

dx = N2 J. cos(%—x) dx

COs (E - x)
4

o (5-7]
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n /2
sin (Z - X)
= 42 — :—«/E{sin( )—smE]
0
2
- -2 -
A [ 2 f] V2.5 =
Example 4. Evaluate the following integrals :

n/4 3n/2

(i) J. J1-sin2x dx (ii) J. 1 —cos2x dx.
0

1

/4

/4 /4
Solution. (i) J.Vl—sian dx = J —COS ——2x dx— 25sin? ——x
0
= NZJ sm(——x]

dx = N2 I sin (Z—xj dx
0

{AsOSxSE:OZ—xZ—Ezfzﬁ_xzo
4 4 4 4
T ' T . ' . T
<Z _y< 2 2 > Z_ = Z_
:>0_4 x_4:> (4 xj_O=> sm(4 x) sm(4 x”
—COS( ) -
= 42 [cosO—cosZ}
0
i~ 1
= xfz(l—?]=ﬁ—1.
2
3m/2 3n/2 3n/2

J \J1-cos2x dx '[ V2sin2 x dx = 2 '[ Isin x| dx

T
3m/2

= 42 J — sin x) dx
3n . . .
Asmt< x < 7:>smx£0z sin x| = - sin x

=—«/§[—cosx] =2 (co s%—cosﬂ:)

= V20— (-1) = 2.
Example 5. Evaluate the following integrals :

/2 2n

(i) I J1—sin2x dx (i1) f /1+sin§ dx .
/4 0
w2 o

Solution. (i) j J1-sin2x dx= _[ ,\;“‘1 —cos (g - 2x) dx =

Iy
/4 /4 /4
/2 /2
= 2 j sin(%—xj dx = N2 J (—sin(——x]] dx
n/4 n/4
{AS%SXS%é—%Z—xZ—%:zOZ%—xz—%
2—%3%—3(30:5111 (%—x <0= sin(%—xj = —sin (%—xﬂ
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_COS(%—XJ T[/z o
= -2 3 :—xﬁ'Z(cos(——)—cowj
n/4
= - x@[%—lj:«/i—l.
Fox F T X FoLn ox)
11 \“ in= = —_——_— = \“ 202 _ =
(1) JV1+sm2 dx 1+cos(2 2)dx '[ VZcos (4 4) d
0 0 0

As0<x<2 < X< >-r>_T ryr» X5 T
[ sO0O<x n= 0 1 =0 1 s 2 127171 1
T T X T T X T T X
< < = —_= —_Z|l= - _ =
= 151 151 = CO0s (4 4)>0:> cos( 4)‘ cos(4 4)]
2n
T X
o Sln(z—z) - -
= 2 T ——4v2(sm(——)—smzj
4 0
1 1 2
= 42— |=42. 2 =38
( NOIN ) A 2
Example 6. Evaluate the following integrals :
n/4 7 - n/4
(i) [ secx |22 dx (i) | (tan x + cot x)2 dx.
1+sinx
0 0
/4 T /4 T 1o
1 . . . —Sin x _ jL=—8smx — sin x
Solution. (7) J sec X T dx j sec x \T7sinx *1-sinz

0

n/4 n/4
_ (1 - sin x)2 dy = 1—sinx
= -('). sec x —C052 . X = E.; sec x cos %

. 1-si

{AsOSxS£:>C05x>0,1—smx>O=> smx>0:|
4 cos x
/4 1 . /4
= j sec x. — 2 gy = J. sec x (sec x — tan x) dx
COs x
0 0
n/4

/4
= I (sec? x — sec x tan x) dx = [tanx - sec x]o/

T T
(tanz —sec Zj — (tan 0 - sec 0)

1-+2)-(0-1)=2-+2.

o g5 sinx cosx ) iy sin2 x + cos? x | 2
(if) j (tanx + cotx)2 dx = j +— = I ST XTCOSTX ) dx
cosx sinx sin x cos x
0 0

0
/4 -2 /4
- I (;] dx = J. (sin x cos x)2 dx
SIn X CoS X
0
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1 n/4 1 n/4
= = i 2 - = in2
2 '[(2 sin x cos x)2 dx 1 J sin2 2x dx
0 0

4
n'/[ 1-cosdx , _ 1 sin 4x T4
dx==|x-
2 8

allE -5l o))

Example 7. Evaluate the following integrals :

NI

1
(sin~1 . x+1
() I 1 x2 dx (ll) j m dx.
0
Solution. (i) j GinT 1?2 dx = '1[ (sin~! x)2 LR H(f(x))" f(x)dx form
) e e
_ | Ginx) b “11)3 -1()3
- { 2 L 5[(sm 1)3 —(sin~10) ]
_ 1 (ET _03|= e
3|\2 4°
r 1 x+1 1 1
(ll) ImdﬁC:EI (x2+2x+3)‘2 (2x+2) dx
0

1 [G2e2x+3)1] 1 17
2 -1 o 2[x2+2x+3]

:_1_[ 1 ]:_l(l_ljz_l(_ljzi
2[1+2+3 0+0+3 216 3 2 6 12°

Example 8. Evaluate the following integrals :

+ sin 2x

b
W | l"@% dx  (I.S.C. 2000) (i) j 12“’52" dx . (1.S.C. 2002)

b
Solution. (i) _[ Ing dx = j (log x)!.

| (log x)2
- > a

% (log b + log a) (log b — log a)
1 b
> log ab log (E)

(1) As % (1 +sin2x) =0+ cos 2x.2 = 2 cos 2x,

dx ‘ .[ (f ()" f'(x) dx form

[(log b)?> — (log a)?]

Il
NI»—\

/4
2cos2x
1+ sin2x
0

dx form

- [log |1+ sin2x]| ]§/4 ‘J- f&)

f(x)
= log |1+sing| —log I1 + sin O

log (1 +1) -log (1 +0)=1og2-1log1
log 2 - 0 = log 2.
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Example 9. Evaluate the following :
1
0

1

Solution. (i) J. —10
0 S5+x

10.[

= —[log|5+x10I]O
J1

1 1(n 1
E(Esmn OJ—— j sin2x dx = E(E'O)_E

n/2
(i) J X cos 2x dx

.

sin2x
2

Example 10. Evaluate the following :
/2
(i) '[ x sin? x dx
0

10.x?
5+x10

%(COS T — cos 0) =

UNDERSTANDING ISC MATHEMATICS-XII

/2

(i1) J x cos 2x dx.

0

f(x)
flx)

dx form

Igs

log6 log 5] = %log%.

sin2x

dx (using integration by parts)
2 _ cos2x /2
2 o

0

1 1
S

1
(i) j X2 e* dx.

/2 /2 1_ ) . /2 . /2
Solution. (i) J. x sin?x dx = J x o8 eY 4 =3 J E.[ cos 2x dx
0 0 0 0
_ 1 {ﬁ}n/z_l {x :sian}Tt _J‘l sin 2x g
22 2 0o Y
/2
= l(——Oj—l(ﬂsmn 0)+lj sin2x dx
4\ 4 4\ 2 4 0
/2 2 -
_ ___(E ) [ cos2x} =n——l[cos 2x] /2
2 16 8 0
2 12 2
= 11t_6_ —(cosn cos0) = E - %(—1—1) = 715—6 + %
1
i x2e*dx = xz.e"l— 2x e¥ dx
@) | .
1 L
— 1 _ x x
=(l.el-0)-2 j xede—e—2([xe ]o_.[ le dx]
0 0
1 1
—e-2(1.e'=0) +2 | e¥dx=e-2¢+2[e"]
0
=—¢e+2l-e)=—-e+20e-1)=¢e-2.
Example 11. Evaluate the following integrals :
/2 1
(1) J cos 2x log sin x dx (11) Jx tan! x dx. (I.S.C. 2002)
n/4
/2 /2
Solution. (i) I cos 2x log sin x dx = j log sin x . cos 2x dx (integrate by parts)
n/4 /4
B /2 /2 .
— [log sinx.smbq - j — . x's1n2x dx
2y sin x

n/4
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1
(#) j x tan! x dx =
0

/2

- %[O—log%]— j

n/4

cosx 2sinxcosx d

sin x 2

/2
-_1 _1 _ 2
= -3 (log 1 5 log 2) I cos? x dx
n/4
1 2 1 2
+ Cos 2x
=1 log 2 — .L — dx

1 1 sin 2x /2
= = — x4+
log 2 [x L/‘l
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_ 1 SHEom L Loop|= 2 _r, !
= ZlogZ [( j+2(0 1)} 4log2 o

2[\2 4

1
j tan™! x . x dx
0

LR LI 2
-1, X7 _I 1 X7
[tan X. 2}0 0 T2 3 dx

1

_ 1 a1_o1_1 L

= 2[tan 1 0] 2.[ o2 dx
0

Example 12. Evaluate the following :

n/2

M |
0

/2

Solution. (i) '[

CoS X
1+ cosx +sinx

N | =

_(%_0) + 2[10g%—logln

8

(integrate by parts)

[1-tan! 1) — (0 — tan™! 0)]

cosx m2  cos?2 X _sin2 X
— 7 dx= = 2 2 dx
1+ cosx +sinx 0 2cos2 X +2sin Y cos >
n/2 cos = — sin — 1“/2 .
= = zdx:EI(l—tan—)dx
2cos—
0 ” 0
n/2
log | cos —
= — +
I
2

- I - T 1
—4+10g1 log 2 2 2logZ.
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5 5
(i) ‘[% dx = '1[ log x.(x + 1)2 dx (integrate by parts)

[logx G 1]
-1 1

_ _|logx 5+j‘ dx
x+1], 1x(x+1)

log5 logl t 1 1 . .
_ _081 ), J' 2 dx (by partial fractions)

Tl.(xu)*l dx

X -1
1

6 2 x x+1

—(1055—0j+[log|x|—10g|x+1|];3

—%10g5+(log5—log6)—(logl—log2)
=%10g5—(10g6—10g2)=%logS—log&

Example 13. Evaluate the following :

\/2 2
(i) [y2-27 dx (ii) | =
0 1

A2 A2
Solution. (i) 1\2 —x?dx= J d(«/ﬁ)z - x? dx
0 0

Example 14. Evaluate the following integrals :

(i j( s dv (SC.201D) (i) j(l"glx)z dv (i) jsin—l(lf’;zjdx.

x 1 +1)-1
Solution. (i) ﬁ = J‘(J(Cx+1)2 X dx
° T
= £x+1 exdx—!;( 12 er dx

(evaluate the first integral by parts, taking

L s the first function)
x+1
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(i) J' = log 13;2

(710) J.sm‘l( X

1+x2]dx

A-491

_ [ 1 .ex]:_I(—1)(x+1)—2.exdx—Iﬁex dx

=
+
—_

1

—_

N

5
J log x.(x + 1)2 dx

5 5 B
log. —@“1’1] Jles

1 x -1

dx

1ogx + 1
x+1]; x(x +1)

5
log5 log1 1 1
[ } (E_Hlj x
1
1

logS—OJ [loglxl—log|x+1|]

= 0g5 + (log 5 — log 6) — (log 1 - log 2)

= glog5—(log6—log2):%log5—10g3.

1 1
JZtan‘lxdx=2 J tan! x .1 dx

) T
2[[tan 1x.x]0—'(|;m.x dx}
1
2(tan‘11—0)—J.12x dx
0

+x2

1
2 (5 -0)-[ros+ 27
%—(log2—logl)= %—(log2—0)

=%—log2.

Example 15. Evaluate the following :

12
Solution. (i) J.
14

1
— — pl _ 0 1 X _ 1 —
= ( . 1.ej+£ (x+1)28 dx 0 Ga 12 X dx =

dx x3+1
lx —x2 i I - 1)
dx _ lj-z dx _ 1z dx
Gimxt g A (22 1) i (1)2 . ( . 1)2
V4 4 V 2 2
1\7Y2
x—= ) 172
_ Sln_l = [sln—l (2 X — 1)]1/4
2 1/4

|
)
=
)}
N
o
)
-
o
AN
/N
N | =
N——
11
o
|
|
]
Ne—
1]
o a

(by parts)

(integrate by parts)
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3 3 3
i al +1 x+1 e e
(if) J 6D dx = j£x+1+x(x_1)] dx (by division)
2 2
Let 1 _ A, B =>x+1=A(x-1)+Bux.
x(x-1) x  x-1

On putting x = 0 and x = 1, we get
l=—-Aand2=B = A=-1landB=2

_T X3 +1 dx:_?(x+1—l+ 2 )dx
2

x(x-1) x x-1
2

x2 ;
= {—+x—log|x|+210g|x—1l}
2 2

@+3—1og3+210g2] —(2+2-1log2-2log 1)
15 7
= 7—Iog3+210g2—4+10g2—2.0: §+310g 2 -log 3.

n/2 )
Example 16. Prove that : M do = 7% (I.S.C. 2005)
sin® + cos0 4
Solution. Let 3 sin 6 + 4 cos 6 = [ (sin 6 + cos 0) + m (cos 6 — sin 0).
Equating coefficients of sin 6 and cos 6 on both sides, we get
3=I1l-mand 4 =1+ m.

Solving these for [ and m, we get | = % and m = %
/2 /2 Z(sin9+c059)+1(cose—sine)
3sin® + 4cos0O 0 — J’ 2 2 40

sin 6 + cos O sin® + cos®
0

/2 .
_ J‘ (Z+l.c.()se—51n9) 0
2 2 sin® + cosHO
0

= %[9]3/2 + % [log | sin® + cosGI]

n/2
0
7

- Z|E_p|+L - =7n
= E[E O]+2[logl logl] T

EXERCISE 10.1

Evaluate the following (1 to 21) definite integrals :
8 1

2

16 | (\/Sx —%j dx i) | g dx.
0 0
-1 1 n/4

2. (1) I = dx (7) J. cosec x dx.
-4 x n/6
1 1 d

. g 4 d 0 AL

3. (i) .([1/5x+ X (i) '([ NETTRE
T 1

. dx - dx

S -[ 1+sinx (if) J N

0 0
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

. (1)

(@)

(i)

(@)

(i)

(@)

(@)

_[ (X2 +e*) (x3+3eX +4) dx
1

/4

j tan® x sec? x dx
0

/2

I 1 - cos2x dx

0

£ sin? x

(1 + cos x)?2

/4

J sin 2x sin 3x dx
0
n/4

I 2 tan® x dx
0

n/4

J‘ sin x
cos 3 x + 3 cos x

fe=}

2
'y

(tan x + cot x)! dx.

dx

JxZ+2x+3

X

|
—_

tan

dx

x eX dx

x2 cos 2x dx

ot—.% = o O — e O —m,
_
+
=
¥

dx

x2 (x+1)

1

N3+ 2x —x2

dx

sin~! x dx

Sl = O N P —Ww

(i)

(i)

(if)

(if)

(if)

(i)

n/2
COos x

5+ 4sinx
0

2 3x

9x2 -1
1

/2
j sint x dx.
0

dx.

/4
j N1+ sin2x dx.
0

2

n-/[ sin 0

0

—— 0.
4/1+ cos©

/2

'[ (% cos?x + b? sin?x) dx.

0

/4
tan3 x

1+ cos2x
0

/4
J (tan x + cot x)? dx
/3

dx

\/ux— x2

1+ x

x+3 -
x(x+2)

— — N O — O
=
[$]]

a
J 7% x.
a+x
-a
j- dx
" (D) (6= 7x+12)
j‘ dx
4+ x—x2"°

0

1

j tan~! x dx.
0
n/2 .

J' X +sinx
0 1+ cosx

A-493
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/2 i .
21. (i) '[ e*(log (sin x) + cot x) dx (if) J’ oF ( i = Slnx) g
/4 /2 — CosXx

22. If J’ 3x2 dx = 8, find the value of a.

10.1.2 Evaluation of Definite Integrals by Substitution

ILLUSTRATIVE EXAMPLES
Example 1. Evaluate the following :

x2 e¥ dx (i1) j T dx

0

N
S —

Solution. (i) Put x3 =t = 3x2 dx = dt = x? dx = % dt.

When x =0, t=0and whenx =1, t = 13 = 1.

1

to 1
j x2 e dy = '[ et gdt= g[ef](l)
0 0
1 1
= g[el—eo]= g(e—l).

(ii)Putx2=t=>2xdx:dt:>xdx=%dt.
When x =0,t=0and whenx =1, t = 1.

1 1
x - .l =LAt
.[ Toat X = .[ 2 2 1[tan JO
0 0
-1 [tan"l1 - tan™! 0] = 1[5 - O} =T
2 214 8
Example 2. Evaluate the following :
(i) j‘ e gy (ii) J sin x A (iid) ”J/‘4 sin? x cos? x dx
1+ e2x 1+ cos2 x . (sin® x + cos3 x)?2 '
0

Solution. (i) Put ¢* = t = ¢* dx = dt.
Whenx =0,t=¢"=1and whenx =1, t =¢l =¢.

[tarr1 tT
1h

e

ex
[ 2
1+ 2
0 1

=tanle—-tan!1=tanle - %
(1) Put cos x =t = — sin x dx = dt = sin x dx = —dt.
Whenx=0,t=cosO=1andwhenx=%,t=cos%:0.

/2

sin x
j —zdx =
1+ cos- x
0

— o
—_
+ 1!
QU
-~
o ~
I
|
= =
—
-
|
—
=~
[
— =)

|

—_
-+
QO

=)

N
o
|

—_
o))

)

(N
—_
e
VS
o
|

E]
N———
| a
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15.

17.

18.

19.

21.

11.

12.

13.

15.

10.

11.

12.

13.

0

. (i)

01 (if) % log 6. 16 () - 5
@) % + log % (i) % log 2 - % log 3.
03 (if) %mg(mf 17].
M2 -1 (if) %-% log 2. 20. () %e2 e
(i) % ex/4 log 2 (i) em/2. 22. 2.
EXERCISE 10.2
% (-1 (i) * tane? - r 20242 -1)
. (i) tan™? (%) (1) tan'! (%j 4. (i) sin (log 3)
.(i)%(uﬁ) (if) %3@. 6. (i) 1 - log 2
. 4 .. 4 N T
(i) log 3 (ii) log 3 8. (1) 3
3 .. b1 T
T3 T at (i1) T 10. > log 2
N oon . 2
(1)E—Z+Elog2 @iM) e - Tog2
N2 1 | V5 +1
(@) 3 tan! 3 (i) 7 log (\E_J.
O (i) = 14. (i) %log 3
O (i) 3.
EXERCISE 10.3
(i) % (ii) 34 (iii) %
() 2-+2 (i) 2 (i) 1.
(i) 4 (i) 2(e-1) (iii) 2 - %
() 0 (ii) 4. 5. 37. 6
() 0 (i) 0 (iii) 0.
) g (if) %" (i) 0 (iv)
@) 0 (i) 0 (iii) 0 (iv)
Q) 4—12 (ii) % (iii) %N@ (iv)
0 5 (i) 7 (i) (iv)
0 5 (i) 7 Gi)) (iv)
(i) % (ii) 2?“ 14. (i % (ii)

(i) am.

8
(if) o1

log 2
1+log2’

(if) % -1

2e -1
o

(i) log

(i) % - log 2.

(ii) 2—14.

. 47.

T
—

log (V2 + 1).
2+/2 Og(\ )

A-531
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