LIMITS AND DERIVATIVES

INTRODUCTION

The invention of calculus was one of the most far reaching events in the history of mathematics.
It is that part of mathematics which mainly deals with the study of change in the value of a
function as the value of the variable in the domain change. Calculus has a very wide range of
uses in Sciences, Engineering, Economics and in many other walks of life. It is extensively used
in graphical work, including the calculation of the slope of tangent to a curve at a point.

In this chapter, we shall introduce the concept of limit of a real function, study some algebra
of limits and will evaluate limits of some algebraic and trigonometric functions. Then we shall
define the derivative of a real function, give its geometrical and physical interpretation, study
some algebra of derivatives and will obtain derivatives of some algebraic and trigonometric
functions.

13.1 LIMITS

The concept of limit which is being introduced in this section is an essential notion for a genuine
understanding of calculus and the reader is urged to attain a comprehensive knowledge of this
idea.

Neighbourhood
The reader is familiar with various types of intervals on a real axis. Every interval of non-zero
length contains infinitely many real numbers. If we consider any one of these real numbers, then
the real numbers near about it are called its neighbours. This leads to :

Let ¢ be any real number and & be a small positive real number, then the open interval
(c — 6 c+ 0)is called a (symmetric) neighbourhood of c.

Any neighbourhood of ¢ not containing the number c is called a deleted neighbourhood of c. The
interval (c — §, c] is called a left §-neighbourhood of ¢ and the interval [c, ¢ + ) is called a right
0-neighbourhood of c. We can also define deleted left and deleted right neighbourhood of c.

13.1.1 Concept of Limit

Loosely speaking, a function f is said to have a limit | as x approaches c if f(x) is arbitrarily near
to I for all x sufficiently near to c. But what is meant by ‘arbitrarily near’ and ‘sufficiently near’ ?
To understand this, we study some examples giving us an intuitive feeling for what is at issue.

(i) Consider the function f defined by f(x) = 3x.

Clearly, domain of f = R, so that the function value f(x) can be obtained for every real value
of x.

Let us investigate the function values f(x) when x is near to 1. Let x take on values nearer
and nearer to 1 either from left side or from right side which we illustrate by means of
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tables 1 and 2 given below :
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Table 1
x 0.9 0.99 0.999 0.9999
f(x) 2.7 297 2.997 2.9997
Table 2
X 1.1 1.01 1.001 1.0001
f(x) 3.3 3.03 3.003 3.0003

A portion of the graph of the function f is shown in
fig. 13.1.

It is clear from the table 1 or from the graph of the
function f that f(x) is arbitrarily near the value 3 for all x
sufficiently near the number 1 (from left). We express this

fact by saying that Lt f(x) = 3.
x—1"

Also, it is clear from the table 2 or from the graph of
the function f that f(x) is arbitrarily near the value 3 for all
x sufficiently near the number 1 (from right). We express

this fact by saying that Lt f(x) = 3.
x—o1*

Fig. 13.1.

In fact, as x — 1 either from left or from right, f(x) — 3, as shown in fig. 13.1 by two arrow

heads. We express this fact by saying that Lt1 flx) = 3.
x—

(if) Consider the function f defined by f(x) = x2.

Clearly, domain of f = R, so that the function value f(x) can be obtained for every value of x.

Let us investigate the function values f(x) when x is near to 0. Let x take on values nearer
and nearer to 0 either from left side or from right side which we illustrate by means of tables

3 and 4 given below :

Table 3
X -0.5 -0.1 -0.01 -0.001
f(x) 0.25 0.01 0.0001 0.000001
Table 4
X 0.5 0.1 0.01 0.001
f(x) 0.25 0.01 0.0001 0.000001
A portion of the graph of the function f is shown in Y
fig. 13.2. al
It is clear from the table 3 or from the graph of the
function f that f (x) is arbitrarily near the value 0 for all 3
x sufficiently near the number 0 (from left). We express oL
this fact by saying that Lt f(x) = 0.
x>0~ 1k
Also, it is clear from the table 4 or from the graph of
the function f that f(x) is arbitrarily near the value 0 for all Sy L
x sufficiently near the number 0 (from right). We express ! ! X
this fact by saying that Lt f(x) = 0. Fig. 13.2.
x—0"
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In fact, as x — 0 either from left or from right, f(x) — 0, as shown in fig. 13.2 by two arrow
heads. We express this fact by saying that Lt0 f(x) = 0.
x—

2x2 —5x +2

x-2

Clearly, Df = R - {2}, so that the function value f (x) can be obtained for every value of x
except for x = 2. Moreover,

(iii) Consider the function f defined by f(x) =

2x2-5x+2  (x-1(x-2)
-2 x—2

fl) =

=2x—-1,x # 2.

Let us investigate the function values f (x) when x is near to 2 but not equal to 2. Let x take
on values nearer and nearer to 2 either from the left side or from the right side which we
illustrate by means of tables 5 and 6 given below :

Table 5
x 1.9 1.99 1.999 1.9999
f(x) 2.8 2.98 2.998 2.9998
Table 6
x 2.1 2.01 2.001 2.0001
f(x) 3.2 3.02 3.002 3.0002

A portion of the graph of the function f is shown in fig. 13.3.

It is clear from the table 5 or from the graph of the
function f that f(x) is arbitrarily near the value 3 for all x
sufficiently near the number 2 (from left). We express this fact

by saying that Lt f(x) = 3.
x—27

Also, it is clear from the table 6 or from the graph of the
function f that f(x) is arbitrarily near the value 3 for all x
sufficiently near the number 2 (from right). We express this fact

by saying that Lt f(x) =3. -1
x—2"

Fig. 13.3.

In fact, as x — 2 either from the left or from the right, f (x) — 3, as shown in fig. 13.3 by two
arrow heads. We express this fact by saying that Lt2 f(x)=3.
x—

REMARK
For a function f to have a limit as x — ¢, it is not necessary that the function f be defined
at the point x = c. When finding the limit, we consider the values of the function f in the
deleted neighbourhood of ¢ only.

x2 -1
(iv) Consider the function f defined by f(x) = { x +1
2 ,x=-1

,x#—1

Clearly, Df =R, so that the function value f(x) can be obtained for every value of x. Moreover,

-1 (x-1)(x+1)
x+1 x+1

fx) =

x—-1,x#-1

Let us investigate the function values f(x) when x is near to —1. Let x take on values nearer
and nearer to —1 either from left side or from right side which we illustrate by means of tables
7 and 8 given on the next page :
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Table 7
X -1.1 -1.01 -1.001 —-1.0001
f(x) -21 -2.01 -2.001 —-2.0001
Table 8
X -0.9 -0.99 -0.999 —-0.9999
f(x) -19 -1.99 -1.999 -1.9999
A portion of the graph of the function f is shown in v
fig. 13.4. . 2f
It is clear from the table 7 or from the graph of the
function f that f(x) is arbitrarily near the value -2 for all 1r

x sufficiently near the number —1 (from left). We express
this fact by saying that Lt f(x) =-2.

x—-1"
Also, it is clear from the table 8 or from the graph of
the function f that f(x) is arbitrarily near the value -2 for
all x sufficiently near the number —1 (from right). We

express this fact by saying that Lt f(x) = -2.
x—-1*

In fact, as x — —1 either from left or from right, f(x) — -2, as shown in fig. 13.4 by two arrow
heads. We express this fact by saying that Lt ) flx) =-2.
x——

REMARK
In the above example, we notice that the function is defined at x = -1 and its value is 2 i.e.

f(=1) =2 (given) but Lt ) f(x) =—2. Thus, the limit of a function f as x — ¢ may be different
X
from the value of the function at x = c i.e. Lt f(x) may not be equal to f(c).
X—C

x—2 , x<0
(v) Consider the function f defined by f(x) = 0 ,x=0 (NCERT)
x+2 , x>0.

Clearly, D; = R, so that the function value f(x) can be obtained for every real value of x.
Let us investigate the function values f(x) when is near to 0 from left. We notice that when

x <0, the function values are dictated by x — 2, so we need to evaluate x — 2 when x is negative. Let
x take on values nearer and nearer to 0 from left which we illustrate by means of table 9 given below :

Table 9
X -05 -0.1 -0.01 -0.001 —-0.0001
f(x) -25 -2.1 -2.01 -2.001 —2.0001

A portion of the graph of the function f is shown in
fig. 13.5.

It is clear from the table 9 or from the graph of the
function f that f(x) is arbitrarily near the value -2 for all
x sufficiently near the number 0 (from left). We express 2 1

this fact by saying that Lt f(x) = -2.
x—0"

Now, let us investigate the function values f(x)
when x is near to 0 from right. We notice that when
x > 0, the function values are dictated by x + 2, so we
need to evaluate x + 2 when x is positive. Let x take on
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values nearer and nearer to 0 from right which we illustrate by means of table 10 given below :

Table 10
X 0.5 0.1 0.01 0.001 0.0001
f(x) 2.5 2.1 2.01 2.001 2.0001

It is clear from the table 10 or from the graph of the function f that f(x) is arbitrarily near the
value 2 for all x sufficiently near the number 0 (from right). We express this fact by saying that

Lt f(x) =2.

+
x—0

In this example, we observe that Lt f(x) # Lt f(x), which we express by saying that
x—0*

x—0"

Lt f(x) does not exist.
x—0

Formally, a function f is said to tend to a limit | as x approaches c iff the difference between f (x) and

I can be made as small as we please by taking x sufficiently near c and we write it as Lt f(x) = L
xX—C

Theorem. Lt f(x) =1iff Lt f(x)=1= Lt f(x)

xX—C

We assert that for the existence of Lt f(x), it is essential that Lt f(x)and Lt f(x)must
x—c x—>c*

x—c

both exist separately and be equal. This equal value is the limit of the function.

13.1.2 Some standard results on limits
We state some standard results (without proof) which enable us to evaluate the limits in many
problems:

1. (i) Lt a= o, where o is a fixed real number.

x—c

(ii) Lt x" =c", forall n € N.

x—c

(iii) Lt f(x) = f(c), where f(x) is a real polynomial in x.

xX—c
(iv) Lt |x|=|c]|
xX—c
2. Algebra of limits
Let f, ¢ be two functions such that Lt f(x) =1 and Lt g(x) = m, then
X—cC

X—cC

(

~

) Lt @f() =0 Lt f(x) = ol forallac R
(i) Lt (f()+g@) = Lt f()+ Lt g() =1+ m.
(i) Lt (fx) -g(0) = Lt f(x) - Lt gl) =1-m.
() Lt (fx) g@)) = Lt f(x). Lt g(x) =1Im.

Lt f(x)
ﬂ = X2 -t provided m # 0.

@) x—c g(x) xliccg(x) m’

(vi) xI:}c ﬁ = Lt;f(x) = %, provided [ # 0.
(i) Lt (f () = (XI:EC f(x))" 1, forall ne N,

REMARK
The converse of the above four basic results i.e. (i) to (v) may not be true.
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3. Sandwich Theorem (or squeeze principle)
If f, g h are functions such that f(x) < g(x) < h(x) for all x in some neighbourhood of ¢ (except
possibly at x = c) and if Lt f(x) =1= Lt h(x), then Lt g(x) =1

X—C xX—c xX—C

4.If Lt f(x) =0 and g(x) is bounded in a deleted neighbourhood of ¢, then

J;tc (f(x) g(x)) = 0.

A function f is said to be bounded in (a, b) iff there exist some real numbers k;, k, such that
k, <f(x) <k, for all x € (a, b).

5.() Lt f0)= Lt flc+h) () Lt f@= Lt fle+1h)

X—C

Gii) Lt f(x)= Lt f(c+h).

13.1.3 Some important theorems on limits
Theorem 1. Lt f(x)= Lt f(-x).
x—0*

x—0"

Proof. Let x = —y, so that whenx - 0-, y - 0.

Lt f(x) = Lt f(-y)= Lt f(-x) (by merely changing the variable)
x—=0~ y—0* x—=0"

xn_ n

Theorem 2. Lt

x—a X-—a

=na"l, ne N.

Proof. Let x = a + h, so that when x — 4, h — 0.

x" —a* Lt (a+ )" —a®

Lt
x—a X-—4a h—0 h

By using binomial expansion for positive integral index, we get

[u” +na*lh+ nln-1) a2 h2 + .+ h”]—a"
n _ an
Lt 2 —% - Lt
x—>a X—a h—0 h
h(l’lﬂn_l +%an—2h+_”+hn—lj
= Lt
h—0 h
= tho (na”‘l +%a”‘2h+...+h”‘1) (v h#0)
o
= na™ +0=nanl.
REMARK

The above result is true even when 7 is a rational number.
However, it is assumed that the function is defined in the neighbourhood of a (except

possibly at x = a), otherwise, the question of finding the limit does not arise.

13.1.4 Evaluation of limits of algebraic functions

In this section, we shall use the above standard results and the theorems to evaluate limits of
some algebraic functions.
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ILLUSTRATIVE EXAMPLES

Example 1. Evaluate the following limits :

(i) Lt (x - 2) (NCERT) (i) Lt (X —x2+1) (NCERT)
X1 7 x—1

(1i1) Lt3x(x +1) (NCERT) (iv) Ltl(l +x+x2+ ...+ x19 (NCERT)
x— Yo

() Lt (22 +572—7) (i) Lt (x2* + 3x9 + 1)100,
x—-2 x—-1

Xon 7

Solution. (i) Lt (x—%jzn—g.
G Lt (P-x2+1)=13-12+1=1-1+1=1.
x—1

(i) Lt x(x+1) = Lt3(x2+x)=32+3=9+3=12.
X—

x—3

(iv) Lt_1 T+x+x2+ ... +x19=1+ (1) + 12+ 12+ ..+ (=10

=1-1+1-1+...+1=1.
(v) Lt (2x2+5)2-7)=2(-2)2+5)2-7=132-7

x—-2
=169 -7 = 162.
(o) Lt (24320 + DI = (1) + 3(-1)° + DI
xX—=

= (1 =3+ 1)100 = (7100 — 1,

Example 2. Evaluate the following limits :

2
() + xX*3 (NCERT) Gi) 1t X1 (NCERT)
x—4 x-—2 x—=1 x+100
210445 41 . ax? +bx + ¢
(iii)) Lt ———— (NCERT) (iv) Lt 5, a4+ b+ c#0. (NCERT)
x——1 X — x—=1 ¢cx“ +bx+a
4x +3 Lt (4x+3) 4x4+3 19
Solution. (1) Lt X - iz = = .
x4 x—2 Lt4(x—2) 4-2 2
x—

Lt(x? +1
@) L 2L Rl RS | -2
x—1 x+100 Lt (x+100) 1+100 101
x—1
Lt (x0+x%+1
iy Lo XAl oot LT 1-1+1_ 1
x—-1 x—1 Lt (x-1) -1-1 -2 2
x—-1
(i) Lt ax? +bx+c  ax1?+bx1+c _a+b+c -1
x—1 cx2+bx+a cx12+bxl+a a+b+c

Example 3. Evaluate the following limits :

2
(i) L 2 -x-10 (NCERT) iy 1 2x=Ix D
x—2 x° -4 x—1 2x“+x -3
4 4
- 81 . x* —4
(iii) Lt —X —°% (iv) Lt ——— .
x532x2 —5x—3 xov2 X2 +342x -8

(NCERT) (NCERT Examplar Problems)
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2
Solution. (i) Lt 33(2_;10 _ 1 =2)Bx+5)
x—>2  x°-4 x—>2 (x =2)(x +2)

= Lt 3x+5 (* x #2, 50 x —2 can be cancelled)
x—2 x+2
_3x2+5 _11
T2+ 2 4"
y 2x-3)(x -1) _ (2x-3)(Wx - 1)
(i0) xlifl 2x2+x-3 _xlifl 2x+3)(x-1)
3 @x-3)(x-1)  _ Lt 2x-3
=1 2x+3)(Vx —D(x +1)  x=>1 Qx+3)(Vx +1)
(vx—o>1=AVx21= Jx —120)
B L S T |
2x1+3)(1+1) 5x2 10°
4_81 (x = 3)(x +3)(x% +9)
Lt ——° - Lt o8l = (22 -RP=(x2-9) (2 +9
(iif) Yor s, 5 - T o@D (v xt-81 =2 (x ) (x )
2
= Lt e+ 3)(x” +9) (- x #3, so x — 3 can be cancelled)
x—3 2x +1

(3+3)(3%2+9) _ 6x18 _ 108

2x3+1 7 7

() Lt x4 -4 - Lt (x2+2)(x2-2) Lt (x2 +2)(x +y2)(x - y2)
142 X2 43721 -8 o2 (x+442)(x—V2)  xsya (x+442)(x—4/2)

3 (x2 +2)(x +4/2) (x —4/2) . - 3
_x—I;:EE Gt a3 x - 12) (v x> V2 =2x-+2 20)

_ (2+2)(\2++2) _ 842 _8
V2 + 442 52 5°
Example 4. Evaluate the following limits :
1 1
PR x-2 1
(i) Lt X—2 (NCERT) (i) Lt - } (NCERT)
x—-2 x+2 o1l x2—x X3 -3x%+2x
1 1 2+x
PRy 2 1
Solution. (i) Lt X2 - Lt 2% = Tt (x x )
x—-2 x+2 x—-2 x+2 x—-2\ 2x x+2
i 1 1

. -2 1 x -2 1
Lt | == - = Lt -
(i) x—>1[x2 —x  x° 342 +2x:| x—>1[x(x—1) x(x—l)(x—Z)}

_ (x-2%-1 _ . (=2+D(x-2-1)
T o1 x(x=Dx-2) 151 x(x-1(x-2)
_ (x-Dx-3) _ x-3
oS ax(e—D(x-2)  xo1 x(x-2)

1-3 _ -2

11-2) -1
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Example 5. Evaluate the following limits :

4 _ 15 _
(i) L X =16 Giy Lt X =1 (NCERT)
x—2 x-2 x—1 xlo—l
1
3 _ 3 _
(iii) Lt 21 (NCERT) () Lt SX-L
z—1 L 1 16x* -1
z6 —1 e
3
(v) Lt3% (NCERT Examplar Problems)
x—>-3 X
5 _
iy Lt X1 (NCERT) (i) Lt YLrx -1 (NCERT)
x—0 X x—0 X
4 _ 4 _nd
Solution. (i) Lt X716 Lt X 2
x—>2 x—2 x—>2 x-2
n _ n
=4 x 24-1 (Using 1t =7 = 1)
x—=a X —a
=4 x25=4x8 =232,
15
-1
. x1% 1 -1 x—1 x]ilxx—l
(ll> in}l xlo -1 - xlifl x -1 * x10—1 - x10—1
Lt
r—1 x-1
15 x 11571 . x" - 3
= Using Lt = na"
10 x 110-1 [ & e n-a
_ 15313
10x1  2°
1
1 1 Lt z3 -1
3 _ 3 _ _ _
(iif) Ltz lth z 1le z»1 z-1
z—1 . z—1| z-1 % %
z6 -1 z6 -1 Lt z6 -1
z—»1 z-1
1 1 1
L 3 2
_ 30 3 e,
- 1 1 l><1 3
gx(1)6 6

8x3 —1 8(3(3_%)
(iv) Lt -~ —" = 1t — °/
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x3—(—3)3
) B3+27 3 -(=27) _ 2 -(=373 _ x-(=3)
x—-3 x° +243 x>-3 ¥0 —(=243) x5-3 ¥ —(=3)°  x5-3 x°—(-3)°
x —(=3)
_ 3633 (323 9 1
5.(-3)>1 5°(-3% 5°81 15
(vi)Let 1 +x=h = x=h-1, sothat whenx - 0, h - 1.
5_ 5_ 5_15
Lt 1+x) 1:Lth 1:Lth 1
x—0 X h»1 h-1 1 h-1
=5x(1)p1=5x1=5.
(vii) Let 1 + x =h = x=h-1, so that whenx - 0, h = 1.
1 1
2 42 1
Lt VNl+x -1 - Lt \/ﬁ_lthh -1 :lx(l)lelxlzl‘
x—0 X h»1 h-1 h—»1 h-1 2 2 2
Alternatively
Lt Vitx -1 Lt Ni+x -1 Nl+x+1_ (1+x)-1 x
x—0 x x—0 X N1+x +1 xo0x(/1+x +1) x—=0x(y1+x +1)
x5041+x +1 J1+0+1 1+1 2
Example 6. Evaluate the following limits :
. /1+3x —~1-3x . 1 1 1
i Lt > i) Lt —| ——-—|.
W x>0 x (i h—0 h(w"x+h Nx
1 = / _ _ / _
Solution. () Lt V1+3x —41-3x L Yi+3x V1-3x L N1+3x ++/1-3x
x>0 x x50 x N1+ 3x ++/1-3x
1+3x)-(1-3x) _ 6x
= = Lt
x50 x(W1+3x +41-3x) x50 x(¥1+3x +~/1-3x)
- Lt 6 = 6 =8 _3
x50 J1+3x +4/1-3x F1+3x0++41-3x0 2
(i) Lt = B S = Lt l\/——— VX + h
>0 hi\x+h x W50 b Ax+hAx
1 Jx=Nx+h Jx+Jx+h 1 x—(x+h)

TS0 T e hNE (x A h)
L -1 ) -1 _
Cn=0 x+hAx Wx +x ) Vxdx Gx+ax) 0 26827

Example 7. Evaluate the following limits :

Lt —- x
50 b Jx+hJx Nx v x+h

) L X9 (i) L NAT2X N3%
x—-3 \sx2+16—5 x—a /3a+x_2\/;.

(NCERT Examplar Problems)

x2 -9 Lt x2 -9 ><x/x2+16+5

Solution. (i) Lt —— = ‘
>3 32416 -5 -3 (x2+416 -5 x2+16 +5

(x2 —=9)(Vx2 +16 +5) 3
= = AJx2 +16 +
x—)Lt—3 (x2 +16) — 25 x—)Lt—S (Vx 16 +5)

=J9+16 +5=5+5=10.
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. Jar2x e 3y Bavxe2ix
x—>a \/3a+x—2«/; \/3a+x+2«/; \/a+2x+\/§

» la+2x - 3x ja+2x —.3x
(i) Lt X A = ‘

xsa [Ba+x —24/x

(a+2x)-3x y N,"‘3a+x +24x
x—a Ba+x)—4x

\/a+2x +./3x

— Ba+x +2+x J3a+x +2x
_ Lt a X X\" \/7: Lt v

x—>a 3a-3x N,r“2a+x +Nﬁ x—a 3(\/52g+x +N,f‘§)

J3a+a+2ya 4da 2
3(J2a+a+3a) 3.23a 343’

(In this problem, it is understood that a > 0, otherwise the function will not be defined
in the neighbourhood of @ and the question of evaluating limit does not arise.)

Example 8. If G(x) = — 25 — x*, evaluate Lt M

x—1 x — 1

Solution. Given G(x) = - v25 — x> = G(1) = —425-1=—+/24.

L Sw-Gm 25 -x2 —(-+24)

x—>1 x — x—1 x—-1
_op Y-V 2425 - V4 4 V25 -
x5 x —1 x5 x —1 \/ﬂ+\/25_x2
3 24 — (25 - x?) -1

Lt = Lt
o1 (r Z 1) (V24 + V25-x2) 1 (x — 1) (24 + V25—x2)

x+1 1+1 1

L = = ——.
x%tl (\/ﬂ + \/25—)(2) \/ﬂ + \/25—1 \/ﬂ

Example 9. Evaluate the following limits :

— ) 6 _
(i) Lt A-x) -1 (ii) Lt M (NCERT Examplar Problems)
x—0 X x—0 (1+ x)2 -1

Solution. (i) Let 1 —x =h = x=1-h, so that whenx — 0, h — 1.

) no_ no_1n
Lt w: Lt u:_Lt h 1 :—n‘]_”_lz—n‘
x—0 X h—»1 1-h h»1 h-1

(11) Let 1 + x = h, so that when x = 0, h — 1.

Lt n -1
(1+x)0-1_ W -1 _ns1 h-1 6x10-1 6
R = = =— =3
x50 (1+x)?2 -1 no1 K% -1 Lt h? -1 21271 2
h—1 h-1
Example 10. Evaluate the following limits :
1/3 _ 51/3 4_
() rp &r27-27 (i) L Ho
x—=0 X x—1 x -1
(NCERT Examplar Problems) (NCERT Examplar Problems)

i) Lt (x + 2)5/3 —(a+ 2)5/3

xX—a X—a

(NCERT Examplar Problems)
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Solution. (i) Let x + 2 =h = x = h — 2, so that when x = 0, h — 2.

TS U LR SN
x—0 x h—2 h-2 3

(i) Let vx =h, so that whenx > 1, h — 1.

4 8 _ 7 _
A AN il SR e SRR ST
151 Ax -1 h-»1 h—=1  h>1 h-1

(iii) Letx + 2=yand a +2=h = x-a=y - h, so that when x > a, y - h.

(x +2)53 —(a+2)53 _ L y5/3 — /3

iju x—a y—h y—-h
5 2 5 2 5
=2 (W3 =23 =2(g+2)%3,
2. =207 = 2(a+2)
Example 11. If Lt X2 80 and n e N, then find n. (NCERT Examplar Problems)
x— -
Solution. Given Lt =2 —80 = 5.2 = 80
x—>2 X-
= n.2"1 =521 =py=>5,
x? -1 , x<1 .
Example 12. If f(x) = ) , does Lt f(x) exist? (NCERT)
—-x“=-1 , x>1 x—1
Solution. Lt f(x) = Lt (x2-1) (v f(x) =x2-1forx<1)
x—>1" x—>1"
=12-1=1-1=0
and Lt f(x) = Lt (-x2-1) (v f(x) =-x2-1 for x > 1)
x—1" x—>1*
= 12-1=-1-1=-2
= Lt f(x) # Lt f(x) = Lt f(x) does not exist.
x—>1" x—>1* x—1
Example 13. Find Lt f(x) and Lt f(x), where f(x) = 2e+3 , x<0 (NCERT)
P o xﬁOf " xﬂlf ’ f - 3(x+1) , x>0.
Solution. Lt f(x) = Lt (2x + 3) (v f(x) =2x + 3 for x £ 0)
x—0" x—0"
=2x0+3=3
and Lt f(x) = Lt 3(x+1) (v f(x) =3(x + 1) for x > 0)
x—0% x—0%
=30+1)=3
= Lt f(x) = 3= Lt f(x) = Lt f(x)=3.
x—0~ x—0* x—0
Lt f(x) = Lt 3(x+1) (v f(x) =3(x + 1) for x > 0)
x—1 x—1

=31+1) =6
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Example 14. Let f(x) = {XC;ZZ fci: 11 find c if ) Et_ @ exists.
(NCERT Examplar Problems)
Solution. Lt f(x)= Lt (x+2) (v f(x) =x+2forx <-1)
x—-1" x—-1"
- —1+2=1
and Lt f(x) = Lt cx? (v f(x) = cx? for x > -1)
x—-1* x—-1*
=c.(-12=c
Since xI_?t_ : f(x) exists (given),

Lt f(x) = Lt f)=>1=c
x—-1" x—-1*
Hence, ¢ = 1.

a+bx , x<l1
Example 15. Let f(x) = 4 ,x=1andif Ltl f(x) = f(1), what are the possible values of
b—ax , x>1 =

a and b? (NCERT)
Solution. Given f(x) = 4 when x = 1 i.e. f(1) = 4.
Lt f(x) = Lt (a+ bx) (v f(x)=a+ bx for x < 1)
x—1" x—1"

a+bxl=a+b

and Lt f(x) Lt (b -ax) (v f(x)=0b-ax for x > 1)

x—1* x—1*
=b-axl=b-a
Since Lt f(x) = f(1) (given) = Lt f(x) =
x—1 x—1"

Lt f(x) = £(1)

11
= a+b=b-a=4

= a+b=4andb-a=4

Solving these equations simultaneously, we get a = 0, b = 4.

Hence, 1 = 0 and b = 4.

X

Example 16. Let f be a function defined by f(x) = {1x1 ’ x#0
0 , x=0.
Does Lt f(x) exist? (NCERT)
x—0
Solution. Lt f(x) = Lt X X (x>0 =2x<0 = lxl =-x)
x—0" x—0- |x x—0" —X
= Lt (-1)=-1
x—>0"
and Lt f(x) = Lt 2 = 1t X (x>0 =2x>0 = lxl =%
x—>0* x—0* 1 x x—0* X
- Lt ) =1
x—0*
= Lt f(x) # Lt f(x) = Lt f(x) does not exist.
x—0~ x—0* x—0
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Example 17. Let f be a function defined by f(x) = {lx1-2x2 ’ x#0
0 ,x=0.
Does Lt f(x) exist? *
x—0
. 5x 5x B
Solution. Lt f(x)= Lt ———— = Lt ———— (vx>0 =2x<0=|x|=-x)
x—0~ x—>0*|X|—2x2 x—)O*—X—sz
- L —> =% __5
v0- —1-2x  —1-2x0
and Lt f(x)= Lt _5x Lt _5x (vx>0"=2x>0=|x|=x)
x—0* xo0+ lxl=2x2  y 50+ x—2x?
S - R
vt 1-2x  1-2x0
= Lt f(x) # Lt f(x) = Lt f(x) does not exist.
x>0~ x—0" x—=0
Example 18. Show that Lt4 | x—41 does not exist. (NCERT Examplar Problems)
x— X —
Solution. Lt lx—4l _ Lt —x—4) (vx—>4 =2x-4<0=|x -4l =—(x - 4))
x—4- x—4 x—4- x—4
= Lt (-1)=-1
x—>4-
lx—41 x—4
and Lt ——— = Lt (vx>4"=>x-4>0=|x -4l =x-4)
x4t x—4 x4t x —4
= Lt (1)=1
x—4*
= pp oAl DAl 24T qoes not exist.
x—4- x—4 x4t x—4 x4 x—4

lxI+1 , x<0

Example 19. Let f be a function defined by f(x) = 0 , x=0. (NCERT)
lx1-1 , x>0
For what value(s) of a does Lt f(x) exist?
X—a
Solution. As a is a real number, the following three cases arise :
Case I. When a > 0.
Lt f(x) = Lt (IxI-1) (v f(x) = Ixl =1 for x > 0)
xXx—a X—a
= Lt (x-1) (vx—=aganda>0 =2x>0 = lxl =x)
X—a
=a-1.
Case II. When a < 0.
Lt f(x) = Lt (Ixl +1) (v f(x) = Ixl +1 for x <0)
x—a X—a
= Lt (-x+1) (vx—>aanda<0 =2x<0 = lxl =-x)
X—a

—a+ 1.
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Case III. When a = 0.
Lt f(x) Lt f(x)= Lt (lxl +1) (v f(x) = Ixl +1 for x <0)

x—a~ x—0" x—0"

= Lt (x+1)=0+1=1

x—0"
and Lt+ flx) = Lt+ flx) = Lt+(lxl -1 (v f(x) = Ixl =1 for x > 0)
x—a x—0 x—0

= Lt (@x-1)=0-1=-1

x—0
= Lt f(x) # Lt f(x) = Lt f(x) does not exist.
x—a~ x—at x—a

On combining all cases, we conclude that Lt f(x) exists for all real values of a except when
xX—a

a=0.

Example 20. Find the left limit of the function f defined by f(x) = N5 — x as x — 5. Does the right
limit exist when x — 57

Solution. Lt f(x) = Lt v5-x =0.
x—5"

x—5"
Further, as x — 5 through values x > 5, 5 — x is negative, therefore, the function is not defined
on the right of 5.

Hence, Lt f(x) does not exist.
x—5"

Example 21. If the function f(x) satisfies Lt f(f) _12 = 7, evaluate Ltlf(x). (NCERT)
X = x° - x =
Solution. Given Lt w =n ...(0)
x—->1 x° —1
But Ltl(xz -1)=12-1=0.
Since Lt1 f (i) _12 exists, therefore, it is essential that
X = x- -

Lt (fx)-2) =0
Ltl(f(x)—z) =0 = Ltlf(x)— Lt12 =0
= Ltlf(x)— 2=0= Ltlf(x) = 2.

EXERCISE 13.1

Very short answer type questions (1 to 11) :
Evaluate the following (1 to 9) limits :

1. () Lt (x2 +x) (1) Lt (3x% —5x + 2).
x—1 x—2
2. () Lt (x +3) (NCERT) (i) Lt mr (NCERT)
x—3 r—1
3. (i) Lt (2x -1)2+5) (1) Lt (x%0 —3x12 + 1)132
x—1 x—1
2
4. () Lt X*2 i) Lt =2,
=0 x—3 x—>2 x+2



686

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

() Lt =*b
x—0 cx +1

2_
G) L X222
x—=3 x+2

. +
() Lt ax +b
x—0 cx +

(NCERT)
) x2 -9
(1) XES x-3

(NCERT Examplar Problems)

1 1

() Lt X2
x—2 X—2

x—2, x<0
I f00) = {x+2 x>0

@) Lt f(x)

find

(i)

(if)

(if)

(i)

(i)

(if)

xgt—l f(X)

MATHEMATICS — XI

Lt Vl+x +41-x
x—0 3-x ’
3 _
Lt X 3x+1.
x—-1 x—1
3 _
Lt x° +2x 5‘
x—2 x+2
2x2 +3x +1
x—-1 x2_1 '
5-32
Lt = :
=2 x—2

(i) Lt f(x).

1, x<0
Let f be a function defined by f(x) = . Does Lt f(x) exist?
2/ X > 0 x—0

Evaluate the following (12 to 25) limits :

2
() Lt 4x° -1
ol 2x-1
2
(NCERT Examplar Problems)
P
-8
Lt
(l) x—o2 x—2
. -3x+2
L X
(l) x—1 x2 -1
2
() Lt T2 (NCERT)
x—2 xc -4
() Lt [Sx=3_ a2
oil2e-1 4x? -1
(NCERT Examplar Problems)
. x2 -2
Lt —
® xsy2 x2+A2x—4
() Lt \/2 +x «/7
xX—>
(NCERT Examplar Problems)
P
(i) Lt V1+ a3 —1-23
x—0 x2

(NCERT Examplar Problems)

N

(i) Lt g

x—2
(x+1)-+vx+13

(1) Lt P

x—3

(if)

(i)

(if)

(if)

(if)

(i)

(if)

(if)

(if)

(i)

Lt x -1

51 2x2 —T7x +5

Lt 3 —27
x—3 x —9

Lt x2—9x+20‘
x—=5 x“—6x+5

x3 = 2x?

Lt 5————. (NCERT)

x—2 x2—5x+6

Lt( 1 2(2x-3) j

=2 x -2  x3_-3x2+2x

(NCERT Examplar Problems)

4 _
L -9
x>v3 x2+4/3x-15

Lt —*
x50 AT+x -1

NRTIEN

h—)O

(NCERT Examplar Problems)

_ x=3 3
Lt
x—>3 Vx — V4 x

x2-9

Lt ——
x> +16 -5

x—-3
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22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

8 5
(i) Lt x° — 256 (i) Lt x” — 3125 .
x—>2 x—2 x5 x-—5
3/2 _ 5_
() Lt =8 () Lt 728
x—4 x-—-4 >3 x° -9
. 3/2 _ 3/2 _ 4302
Hint. () Lt 8- ¥ =477
x—4 x—4 x—4 x—4
10 _ m _ _m
() g 2 102 (i) Lt =2
=2 x> =32 x—a x" —g"
, A+x)" -1 .. Vi+x -1
(l) xI;tO X (11) xI;;EO M+x-1"
If Lt3 xl -3 108 and n € N, find n. (NCERT Examplar Problems)
x— -
x4 -1 _ x3 -k L
If Lt = Lt ———, find all values of k. (NCERT Examplar Problems)
xro>1x-1 x-skx--k
- . .
If Lt = Lt5 (x + 4), find all possible real values of a.
x—=a X —da x =

If a, a,, ..., a, are fixed real numbers and a function f is defined by

f)=@x-a) (x-a,) ... (x—a,), find Lt f(x).

For some a # a, a,, ..., a,, compute Lt f(x).
X—a

1+x2 , 0<x<1
, does Lt f(x) exist?
x—1

(@) If f(x) = {

2—-x , x>1

5x—4 , x<1
(i) If f(x) = { 5 , find Lt1 f(x).

4x--3x , x>1

, x <
(i) If f is defined by f(x) =

, does Lt f(x) exist? If so, find it.
1-x , x> 1

x>
2

N[ =N =

(i) If f(x) = {i i }: gz Z 8, show that xI;tOf(x) does not exist.

1
< 2
X ,O_x<2
Letf(x) =4 0 ,x :% , show that Lt f(x) does not exist.
1 ol
x—-1,=<x<1
2
3x—-1 ,x<0
Let f be defined by f(x) = § 0 , x = 0. Evaluate

2x+5 , x>0

(i) Lt f(x) (i) Lt f(x). Does Lt f(x) exist? If no, explain.
x—2 x—>-3 x—0
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34. Find k so that Lt_f(x) ist where f() = { -~ ~ " ¥ 52
. Find k so tha x_>zfx may exist where f(x) = Yok x> 2

[ x|

35. Let f be a function defined by f(x) = {T » x#0 . Does Lt0 f(x) exist? (NCERT)
0 , x=0 =

36. If f(x) = |x| - 5, evaluate the following limits :
() Lt f(x) (i) Lt f(x) (i) Lt5 f(x) (NCERT) (1) Lt5 fx).
+ x—5" x— xX—-

x—5

x—lxl
—, x=z0

-2 ,x=0

37. Let f(x) = , show that LtO f(x) does not exist.
x—

13.1.5 Some standard theorems on limits of trigonometric functions

Theorem 3. (i) Lt sinx=0 (ii)) Lt cosx=1 (iii) Lt tan x = 0.
x—0 x—0 x—0

Proof. (i) First, let x — 0%, so that 0 < x < % Consider a circle

P

N\
of radius 1 unit having centre at O. Let A, P be two points on the
circle (as shown in fig. 13.6) such that the length of the arc AP A \
(measured in anticlockwise direction) equals x, then radian

A
arc AP _ x

measure of ZAOP =

radius 1
From P, draw MP L OA and join A, P. Then Fig. 13.6.

. MP _ MP _
sin x = =5 = — = MP ..(1)

From the figure, clearly
area of A OAP < area of sector OAP

= %.OA.MP < % (radius)?. x

%.1.sinx < %.12.x (using (1))
= sinx<x
But sinx >0 ('.'0<x<g:>sinx>0)

O<sinx<ux

Also Lt 0=0and Lt x =0, therefore, by squeeze principle,

x—0* x—0"

Lt sinx =0 ...(2)

x—0"

Further, Lt sinx = Lt sin (-x) (By theorem 1)

x—0" x—0*

= Lt (-sinx) =- Lt sinx
x—0" x—0"

- _0 (using (2))
= 0.

Thus, Lt sinx=0= Lt sin x.

x—0* x—0"

Il
e

Lt sin x
x—0
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(7) Lt cosx = Lt (1—2 sin? ﬁ)
x—0 x>0 2
2
= Lt1-2| Lt sin>
x—0 L 2
=1-2x0
= 1.
. Lt sinx
(i) Lt tan x = Lt 20X x>0
x—0 x—0 COSX Lt cosx
x—0
- %
1

Theorem 4. (i) Lt sin x = sin ¢
xX—cC xX—cC

Proof. Put x =c + h, when x - ¢, h — 0.

(ii) Lt cos x = cos c.

689

(- asx—)O,%—)O)

(using Lt sin x = 0)
x—0

() Ltsinx = Ltsin(c+h) = Lt (sinc cos h + cos c sin h)
h—0 h—0

xX—cC

sinc Lt cosh+cosc Ltsinh
h—0 h—0

sincx1+ coscx0=sinc.

(1)) Lt cosx = Lt cos (c +h) = Lt (cos ¢ cos h — sin ¢ sin h)
h—0 h—0

X—cC

cosc Lt cosh—sinc¢ Lt sin h
h—0 h—0

cosc X1 —sincx0=cosc.

. i .. t
Theorem 5. (i) Lt smro_q (ii) Lt anx
x—0 X x—0

Proof. (i) First, let x — 0%, so that 0 < x < % Consider a

circle of radius 1 unit having centre at O. Let A, P be two points

on the circle (as shown in fig. 13.7) such that the length of arc AP

(measured in anti-clockwise direction) equals x, then

arc AP

radius
Draw AQ L OA at A to meet OP produced at Q. Let M be

the foot of perpendicular from P on OA. Then

radian measure of ZAOP =

Z=x
1

Sll’lxzﬁzT:MP
_AQ_AQ _
and tan x = O 1 = AQ

From the figure, clearly

area of AOAP < area of sector OAP < area of AOAQ

= %.OA.MP< % (radius)?. x < %.OA.AQ

1 . 1 1
= = .l.sinx< =.12.x< =.1.tanx
5 m 5 5 a.

= sinx<x<tan x

X tan x
<

sin x sin x

=1 (i) Lt 1290%% -
x—0

Fig. 13.7.

..(1)

..(2)

(using (1) and (2))

('.'0<x<%=>sinx>0)
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x 1 sin x
= 1< — < =1> > COS X
s x COSs x
sin x
= cosx< < 1.

Also Lt 1=1and Lt cos x = 1, therefore, by squeeze principle,

x—=0*

sin x

Lt =1
x—0" X
Further, Lt 2% - 1t sin(- x)
x—0- X x—0* -X
- Lt (—sinx)z Lt sin x
x—0% -X x—0t X
=1
Le SINX _q_ g, sinx _, . osinx
x—0* X x—0— X x—0 X
(i) Lt tanx _ Lt (smx. 1 j_ L Sinx
x—0 X x—0 X COS X x—0 X
1.1
1
1— cosx 2sin? = sin—
(ii)) Lt — Lt = Lt 2
x>0 x x—0 x x—0 X
2
. X
sin — x
= Lt 2 Lt sint=1x0=0.
0 = X0 2
2 2 2

13.1.6 Evaluation of limits involving trigonometric functions

x—=0*

ILLUSTRATIVE EXAMPLES

Example 1. Evaluate the following limits :

. .2
(i) Lt 2 (NCERT) (i) Lt 22X
x—0 X x—0 X
Solution. (i) Lt 2% — Lt (Sm“x ﬁj:i Lt
x—0 bx x—0 ax b ax—0
= a x 1 = a
b b’
.. sin? x 1 sinx . sin x
(i) Lt =—— = Lt (— smx):— Lt
x—0 bx x—=0\5 X x—>0 X
- Llxixo=-o
Giii) Lt sinax Lt (sinax bx ﬁ)
x>0 sinbx x—0 ax sinbx b
a sin ax 1
=5t sin bx
b ax—0 ax Lt
bx—0 bx
=2 x 1x = = ﬂ.
b 1 b

1
- Lt
x—0 Ccosx
. X
. S1In —

sin ax

(iii) Lt

x—0 sinbx

MATHEMATICS - XI

.3

(By theorem 1)

(using (3))

(NCERT)

(asx = 0, ax = 0)

x—=0 =ax—>0bx =0
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9. If for the function f defined by f(x) = kx> + 7x — 4, f’(5) = 97, find the value of k

(use definition).
10. Find the derivatives of the following functions from first principles :
3x -1
4x +3
11. Show that the derivative of the function f, given by

(@) 223 + 5 (1) (i11) sin (ax + b).

flx) =2x3-9x% + 12x + 9, at x = 1 and at x = 2 are equal.

d X a
12 Ify = [+ |2, that 2xy 2L =X _ 2,
y 2 P prOVe a xy dx p X

13. If y = x% prove that x Z—Z =yl -y).

a 7
14. Find the derivative of sin 2x at x = % from definition.

Find the derivatives of the following (15 to 19) functions :

15. (i) (x - %T (11) (x - %) (xz - xizj

16. (i) 5 tan x — 3 sin x + 4x3/2 (i) (1 + x?) cos x.

17. (i) (x* - 5x + 6) sec x i) X* sin x

18. (i) 1:22?( (ii) % (NCERT)
0 oo o sz
ANSWERS

EXERCISE 13.1
1. ()2 @) 16 2. () 6 (if) 7 3. () 6 (i) 1
4. (i) —% (i) —% 5. () b (if) % 6. (i) 0 (id) —%
7. (i) % (i) % 8. (i) 6 (i) % 9. (i) -i (if) 80
10. (i) 3 (i1) -3 (iii) does not exist 11. No
2. ()2 (i) —% 13. (i) 12 (id) % 14. (i) -% (i) %
15. () 0 (i) -4 16. (i) % (if) —% 17. (i) % (if) 2
18. (i) % (if) 2 19. (i) 0 (i) 241¥ 20. (i) % (i) 1
21. (i) % (if) 10 22. () 1024 (ii) 3125 23. (i) 3 (i) %
24. ()64 (ii) %a 25. () n (i) % 26. 4

27.

W |

28. 1, -1 29.0; (a-ay) (a—ay) ... (a—a,)
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