=
o
)
=
@
<
&

LISHING COMPANY AVICHAL.

_.
a
o

PUE

PUBLISHING COMPANY AVICHAL

JHAL

PUBLISHING COMPAINY AV

=
e

AL

PUBLISHING COMPANY AV

AVICHAL

- ¢ Remarks. i

LOGARITHMS

11.1 LOGARITHMS

Logarithms were developed for making complicated calculations simple. However,
with the advent of computers and hand calculators, doing calculations with the use of
logarithms is no longer necessary. But still, logarithmic and exponential equations and
functions are very common in mathematics.

To learn the concept of logarithm, consider the equality 2° = 8, another way of
writing this is log, 8 = 3. |

It is read as “logarithm (abbreviated ‘log’) of 8 to the base 2 is equal to 3”. Thus,
23 = 8 is equivalent to log, 8 = 3. In general, we have :

Definition. If a is any positive real number (except 1), n is any rational number and
a" = b, then n is called logarithm of b to the base a. It is written as log , b (read as log of
b to the base a). Thus, |

a" = b if and only if log b = n.

a" = b is called the exponential form and log b = n is called the logarithmic form.

For example,

(i) 32 =9, l6g. 09— 2.
(i) b= hids log- 625 = 4.
(1) 79 .= ] log,1 = 0.
- . ek ol : S g
(iv) P S 2 log, 3 3
(0) (10)2 = — =01, .. logy,(:01) = -2

————— i ——
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Solution. (i) (10)* = 10000 = longOOOO 4.
(11)32 = x = logyx = -5.
~ (ifi) (0:3)3 = 0-027 = 1-;_~.g[,_3 (0:027) =

: :"‘. p - '-." l} | T v 9N '.'i "‘"'I ; 1 i .1.::.-‘1::.' . 3 f -J-..I'
i '._]Ll'_'];"}_g; s CUTLOCT !.!L JL ‘H o & {L"* |

% 1/
1S A7 ==y
T =¥

‘Solution. (;) log, 81 = 4 = i 81,

(i) logg32 = —g- = (8)°/3 = 32.

(i) logw (0 1) i (10) e 0
Example 3. Find the value of the following (by converting to exponential form) :
t" - s o MU log; (0:008).

e
Lk s

Sﬂlutlﬂn- (:) Let lmg2 16=x = 2¢ =16 = 2% = (2)4 B
log, 16 = 4.
i leiS a0 = x — 16* = 2 =>(24)x =

= 24¥=21=>4x=1=>x=%,

1
ik . 10g16 == Z .

B

(iii) Let log, 5 =x =¥ =3 = ¥ =01 = x=-1,

mod TR D N e T T Tx Tat T .
v b - Sl 1 | S Lk B | S [ P

-1.

1
oy . 10 g3 §

| s (1'0) Let log ;8 = x = (V2)r =8 = (21/2x = 23

2x/2~—23 ﬁ% 3'=>x_=6.

LOGARITHMS

Jownloaded from https:// www.studiestoday.com



log,i xr=25 =x= 42'5 = ¥ = (22)5,2 '

5

= X= 22,:2 = x =25 =x=232

(iti) loggy X = % = x = (64)2/3 = x = (#3)?/3
3:-2—

= x=4 3 =x=4 =x=16.
(iv) logs x=4=>x=(3) =x=@3"2

= x=3 =2x=09.

Soluhon. (I) Gwen lagj,r 243 -5 = x~° =243

P x‘5=35 =,(_1£)5 = 3 [ a-n=(:1;)ﬂ]
= —l—=3 =X = ?15-

(ii) Given log, 16 =2 = x2 =16 = x =+ 4.
But the base of a logarithm cannot be negative, so x = —14 1s rejected.
.. The solution of the given equation is x = 4.

(iii) Given logy27 =2x + 3 = 92x+3 = 27 = (32)2x+3 = 33

L+ -3 =»2(2x+3)=3=>4x+6=3

.= 4x=-—3==»x=-%.

(iv) Given log (3x — 2) = 2 = logy, (3x -2) =
[If no base is given, we take it as 10.]

- 3x-2=102=3x-2=100
= 3x =102 = x = 34.

(v) Given log, 64 = -3— = x3/2 = 64
= X = (64)2[3 = (26)2!3 = 26x2!3 - D%

= x = 16.

(v::) Given log, (x? - 4) =5 = x2-4=2
= x2-4=32=>x2=36=x=1=6.

::.,'1; 1 u'lt_jl[:} :}, ( 10N !'”“._,f 0 X = @A, frlf{ 0 ‘_f
2" i " - " 3 q-" s 2 il ".'.'I: ¥
i) write down 107 - in terms of x. i1) write down 10

RN g 2 ¥ . .".‘ v ¥ ]
qii) if log,, P a — b, express D in terms of x ana y.

olution. Given log,,x =

= UNDERSTANDING ICSE MATHEMATICS - IX
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n. Given log, x = a and log; y =

—x and 3% = y
i (22x3)2a—1 ____22(241—1),:,< 32a—1
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11.2 THREE STANDARD LAWS OF LOGARITHMS

% log,mn = log;m + log,n. [Product Law]
The above result is capable of extension i.e.

AVICHAL FUBLIS

log, (mnp...) = log, m + log,n + log, p + ...

: % log, = = log,m - log,n. [Quotient Law]
% log m" = nlog,m. | [Power Law]
Deductions
1. log, a* = x
log x

2R X =

11.2.1 Base changing formula

log, m= Ifg"m,m:avﬂ,a,b:ro,aaél,b#l.

08, a

= Deductions

- 1. log, m = log, m X log, a

2. log, a x log, b = 1. (Put m = b in 1)
< - Reciprocal formula)
£ 3. log, a P (Recip

ILLUSTRATIVE EXAMPLES

Solution. log,, % = log, a2 — log;, Vb oo | [Quotent Law]
| O - 4 b o)

= logy, a? + logy, ¢ — logyy (b)2 [Product Law]

= 2 log,, a + log, i l'::.g10 b [iner Law]

AVICHAL PUBLISHING COMBPANY AV
|
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[Power Law]
["-'II loglo 10 - 1]

log 5° 31035 e

e g lo 51!2 1
L [F = OLgol v] : BT ghes

s"(ﬁ) 10g672:"" 10862 = 10g6 % = 108636 = logéﬁz
= 210366=2X1 s ](}gﬂa-_—_l)

= 2
(iii) log,8 — logg32 = log,2° - logg 25 = log, (22)3/2 - logg (23)°/3

5
= log, 432 - log 8°/3 = % log,4 — 3 logg8

Solutmn. £ A L Jog,9 - 2 log,,5 =21 + & L Jog,,9 - 2 log,,5
= 2 log,,10 + log; (9)1/ 2 _Jog,o(5)2 [ log 10 =1]

= log,,(10)?> + log;(3 — log;(25
100 o

e logy

Solution. 161083 = 91084 s true
if log 16983 = log 9'84 is true (Taking logs of both sides)
ie if log3 xlog 16 = log 4 x log 9 is true
ie if log 3 x log 2¢=log 2? x log 3 is ture
e if log3x4log2=2log2x2log3is true
ie if 4log3 xlog2=41log2xlog3 is true, which is true.

. Hence 16%83 =984,
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Example 7. If 3 log vm + 2log ¥n —1=0, find the vatue of mr

Solution. Given 3 log vm +2log ¥n -1 =
log (¥m )3 + log (¥n )> =1 i
log (m3/2 x n2/3) = log 10 [+ log 40 — 11

m3/2 n2/3 = 10, raising both sides to the power 6, we get
(mBIz _ nzxa)e — 106

I

)

J

= (m3/2)6.(n2/3)6 = 10 = m°nt = 10°.

i 1
= log,x?y2 =1 = x2y2 = 10 [Squaring]

Lm‘-h’ . *””I ‘1111: the wmw‘u:.; W

-~'ll1,=1-1-':}- L.IL?E '('11?5 T‘J'“:} — log (log x,

& 5 PRV ] S Mo (lno _',1_ Y i) ' i N
¢ (v) log, (log, (I0g: 16)) _(’Ui.’- S I

Solution. (l) log, 8 = log,, 8 : logm 9log,, 4

log, 16 log, 10 log,, 3 log,, 16log,, 10 (changmg all logs to base 10)

log,q 2° .log,, 3 .log;y 2° _ (3log,, 2)(210g,, 3) (210g, 2)
log,, 3.log,, "y BB (log,, 3) (410g,4 2)

3 log,, 2

.o 41 : log, a°
(i)t B Sl R 7 3% 1982 Ly W S gt (- @'%a* = x)

(iii) log (log x2) - log (log x) = log (2log x) — log (log x) = log (zl?gg:) =il

(iv) log, a.log, b.log, ¢ = (log, a.log, b).log, ¢ = log, a.log, c = 14
(v) log, (log, (log, 16))= log, (log, (log, 2%)) =10g, (log, (4)) =log, (log, 2%) =log, (2) = 1.

o acyilingd RN o-r o R e
(vi) 3 3 J Ea

92
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3 "’ lagb _ logc j—k
-'-.-.st—c E X = ui-b _
lﬂga k(b-—c) logb=k(c~a);logc=k(@-b)
= al@ga+b10gb+clogc ka(-c)+kb(c—a)+kc(a-b)=
— loga" e 0 i —lop | = a%.b".cc = 1.
L
log, n logﬂn_logbn

log, a + log, c = 2log, b (using reciprocal formula)

-.(11) Given

B0 11
=

log, ac = log, b
= ac = b?% as required.

P S '(iii) [Epieg J0E, 6 OB2 2 log, ab = log, a + log,b =1 + log, b.

e log , n 3 llog, ab  log, a
Example 11 Ifa=log, i;’:..-l! -iﬂt:r ZX :‘-I-r.ﬂ_f-:ff. log., X . _. e — 1!
Solution. —— = . oo ! il SEaa logx L
| " 1+a 1l+log yz log,x+log,yz log,xyz 4

o
Sl:mﬂarly, — = log,,, y and T los..2
i 1 1081z * i 108z Y ¥ l_og"‘y""' 7
&S = log,,, xyz = 1.

. | R
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= g9 -2 205, 1522 o
%* = log,15=1=x=15 !
5 = x=15 | | . | .

% (iv) Given log (5x — 4) — log (x + 1) = log 4 ;

E" 5x—4 _

= = log ey = log 4

;;f" = 5x_4=4=>5x—~4=4x+4=>x=8.

= x+1

(v) Given log (x + 5) + log (x — 5) = 2 log 3 + 4 log 2
= log(x + 5) (x — 5) = log 3* + log 2¢

= log (x2 = 25) = log (82 X 29
e R TR T

COMPANY AV

HING

Wl
L.

= x2 =169 = x = + 13.

y!l

L
el

When x = —13, then x + 5 and x — 5 are both negatiﬁre and the logarithm of a
negative number is not defined, so x = —13 is rejected.

AL FL

ANMCH

L 4

y
S|

OMPAR

Solution. Given log;, x — log;, 2x - 1) =1

i
S

HINCS

X
— ogi ——2;‘_ e R 101
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=5 '2:5——1"10:-2096 10 = x
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Solution. (i) Given log, 25 - log, 5+ log, I%E

S

2

L JE

4

HAL
&

%
-

%
S

U

log, 1% =2 = lopg " =

AN

]f:'i E\Ii ";1I_.-"

|

log, % =2'=>210g1.%=2

Wil

("""“lt

BLISHING CO
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[
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A
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S

Given log, (8x — 3) — log, 4 = 2 | :

nAS

AT

i

Bx -85 2 - 8x-3 PR
log, —; =2 = x = 7 = Ay =8x ~3

=+ UNDERSTANDING ICSE MATHEMATICS - IX
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VR By + 30— 42 6x-2x+3=0

I

J

= 22x-3=02x-1=0
Tig o |
e Pea

Given 3log x — 2log x — Dlog x +1 _ 3log x -1
3log x +l3lugx—-1 Elop x =+ 1 = 9log x
3log x 4 3log x «-3-1 = Dlog x & 21 _ zlng;

( _1_\ Iog » log x
\1+3}33 (2 + 1) 2losg

% x 3logx — 3 x 2log x

3103 " G log x

nlogx

LieY
kL]

9
_Z=> ]

(3)

\2)

logx=2 = x=10°
= 100.

Solution. Given log, x + log, x + log,c x = 341

1 1 1 =21

+ +
s Slug. 48 log 16 4
1 1 1 21 ias e

| BRSO = %) ) = (2x—-3) (2x=1)=0

el

21

— + +
log, 2 8 log, 22 E log.@* 4 jBe e 2lop,.2 © 4log, 2

a2
1 (1+1+1) B

4
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Solution. Given a + b'= 2c _
1 + log, 2 — log,y 5 + 2log;, 3 = 2 (log;, m — logy, 5)
logy, 10 + log;o2 — log;o 5 + 2 log;y 3 + 2 log;g 5 = 2 log,ym

[ log,, 10 = 1]

= log,, 10 + log,o2 + log;; 5 + log; 3% = 2 log,, m
= log,, (10 x 2 x 5 x 3?) = 2 log,,m

= log,, 900 = 2 log,,m = log,, (30)*=2 logw

—

_

T34

™ EN LT

2 log,, 30 = 2 log;ym = log,, 30 = log;y m G :
30=m ie m=230. | |

ik T e
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Solutlon Gwen a% + b? = 7ab.
Adding 2ab to both sides, we get
a2 + 2ab + b2 = 9ab

= (a + b)? = ab, taking logs of both sides, we get
log (a + b)* = log 9ab
= 2log (a + b) =log 9 + log a + log b.

Example 18. If Ui Dl il S L 5 ﬁnd the values cf Jq nd y

log 2 log 3 1030125
: log6s . loghd log 82 . 2log8 ie
b Lk log 0125 logl ~log8!' (-1)log8
8
loglé;;y) = -2=log(x+y)=-2log2=1log 2% = 1084
=> xX+y= % A
A . 1
Also, 1031:;31’) =-2=log(x-y)=-21log 3 =1log3*= 10g§
= x-y =3 ... (i)
On adding (i) and (ii), we get
TN
XeTs . BT
Subtracting (i) from (i), we get
N e Sl R e
PG TR T e Dl

wonild oy
Hence x = — and § = =.

Example 19. Solve the following equatfoﬁs for x and y :
log;o(xy) = 2, 70310(%) + 2 log2 = 2.

Solution. log,, (xy) = 2 = xy = 10> = xy = 100 #dl)

log,, (i) + 2 logy2 =2
= log, (i;) —odi~2dapetiee 2.1 _ loge @)

= 2 (log,,10 — log,,2) = 2 logw = 2 log.. 3
= log,,5% = log,¢25

= £ = 25 ...(ii)
Yy
Multiplying (i) and (ii), we get

(xy) x(-:—) = 100 x 25 = 22 = 2500 = x = £ 50.

‘ = UNDERSTANDING ICSE MATHEMATICS - IX | e PK‘PfC
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lence tr = =2,
a‘he that both these solutions satisfy the given equations.
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- A Telog (mtn)=logm*logn SIOW that == :

| 7 Solve the fo"nwing equations for x :

(1) lng'-}’g- =-2 (11) log, :-132. = =3

(if1) Tog, 5= = 10 (iv) log, 32 = x - 4
(0) log, (2x2 = 1) = 2 (o) log (x* = 21) = 2
(vif) log, (x =2) (x + 3) = 1 (vif]) log, (x = 2) + logg (X + J) =1

(ix) log (x + 1) + log (x = 1) = log 11 + 2 log J.

8. Solve for x ind v :

and log (xy) = 5.

logx logy
N

REXOBY = 2logx-3logy =0

log (xy) = 5 =» logx + logy =5
Multiplving (i) by 3 and adding to (1), we get
Slogx=15=slogx=3=x= 10° = 1000.

-
S
—
-
e
—
¥
R
4
—
-
[—

b + | (4 = ii'!l‘t.
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