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4.1 SPECIAL PRODUCTS
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The following products occur frequently in algebra, and the students are advised to
memorize them (without resorting to actual multiplication) until they can recognise each,
both the product from the factors and the factors from the product.

'ﬁ'l."':,rll

1. (a + b)?2 = a2 + 2ab + b2

2. (a - b)?2 =a2—-2ab + b2
8. @+ D) a-b)=a*-— b
4, (a+%)2=a2+:—2+2.-
R ey ey

1 (ﬂ—;) = [ +a—2- .
6. (a+%)(a-%)=a2—£§-.
)+ (x+b)=x%+(@+Db)x+ab

(i) (x'+ a) (x = b) = x2 + (a — b) x — ab.

- (iti) (x — a) (x + b) = x2— (a — b) x — ab.

(iv) (x—a) (x - b) =x2-(a+Db)x + ab
8. (a+b+c)2=a2=l-b2+c2+2(ab+bc+ca).
9. (a+b)3=a3+b3+3ab(a+b)=a3+3azb+3ab2+b3.
10. (@ — b)3 = a3 - b3 - 3ab (@ — b) = ad — 3a2b + 3ab? - b>.
11. (a + b) (@% — ab + b?) = a3 + b>.
12. (@ - b) (a2 + ab + b?2) = a3 - b>.
13. (a+b+c)(a2+b2+cz—-ab—bc—-ca)=33+b3+c3—3abc.
14. (x+a)(x+b)(x+c)=x3+(a+b+c)x2+(ab+bc+ca)x+abc.
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Remark

4.7 APPLICATIONS OF THE SPECIAL PRODUCTS

We learn the applications of the special products with the help of the following
examples :

ILLUSTRATIVE EXAMPLEQ
R s R Jﬁ a-u. s

LISHING CGOIVIFANY . AVILEIAL F U0 TN A
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) (2 b B D13 2 40y el A
Solutlon. (1) (2:1 + Bb)2 = (2 a)2 + 2(2 a) (3 b) + (3b)2
42 + 12ab + 9b2

(i1) (3x — 4y)? = 3x)%2-2(3x) (4y) + (4 y)?
9x2 - 24xy + 16y

[2a + 3b + (- 40)]?

2a)2 + 3b)2 + (- 40)2 + 2 [(24) 3b) + (3D) (- 40)

+ (- 4¢) (2)]

PUBLISHING COMPANY A
|

Il

(iii) (2a + 3b — 4c)?

HAL

—
o

4a2 + 9b2 + 16c2 + 2 (6ab — 12bc — 8ca)
402 +9b2 +16¢2 +.12ab - 24bc - 16¢a.

PUBLISHING COMPANY AV

- 2 2 £
0 Lo T2 S e BN
> Solution. (i) (§x+?y) — (Sx) +2(3x)(?y)+(?y)
% 4 20
0. WY i 1 —
{E =k +21xy+ y
O .
% (i) Buiiay T 3—“)2—2 3a] 2)_'_(_2_)2
T 4 (2'35) ‘( , (2 (31: 3b
o = Z. g% - e + —.

7 a 2b o2
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Let 2x - 3y = a, then

given expression

(i)  Given expression

Let27rfl-1=a,then

given expression

Solution. (i) Given expression =

(2x
(a+5)(a-5)=82-52=a>-25
(2x - 3y)2 - 25

(2x)2 - 2 (2x) (By) + (3y)2 - 25
4x2 — 12xy + 9y? - 25.
{(2x+1)-—%} {(2x+1)+%}.

(a-3) (a+3) = (3)

9
R 1) — —

X

(292 +2 (20 (1) + ()2~

om https:// www.studiestoday.com

i S 5

: Tt o
B f
i £y Ty . "'_ \
| 11 .-'l e - — :I.. A LA
EOR- 8 . I.}.l .. ! ) 1§ T
i, i

_ 3y + 5) (2x - 3y - 5).
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=apres {(g)z + 2(%](3) +(3)2]
p
= 4p2 -1 - %‘-’- -9.
(if) Given expression = (3x — 2y) (3x + 2}/)(9x2 4y
= ((3x — 2y) (3x + 2y)) (922 + 4y°)
= ((3x)2 — (2y)?) (922 + 443)
= (9%2 - 4y°) (9x% + 4y?)
= (9x2)% — (4y?)?
= 81x* - 16y~

Solutlon (1) (2.-:1 + 3b) (2.::)3 + (3b)3 + 3(2&) (3 b) (2a + 3b)
= 8a3 + 27b3 + 18ab (2a + 3b)
— 843 + 27b3 + 36a2b + 54ab2.
(1)) (Bx-4y)® = Bx)> - (4y)3-3(3Bx) 4y) Bx -4y)
= 27x3 - 64y3 - 36xy (3x — 4y)
= 27x3 - 64y3 - 108x2%y + 144 xy>.

(i) (x +y—-1P = (x+y - 1) [consider x + y as one term]
(x+y2-(1P-3x+y) D) (x+y - 1)

x+yP-1-3x+y)(x+y - 1)
[+ P+ 3xy (x+ ] =1-3 (x+ 2%+ 3x +y)
3+ 12+ 3x%y + 3xy2—1-—3 (x2+ 2xy + y?) + 3x + 3y

Il

x3+y3+3xzy+3:::};—3:vf2 6xy Sy +3x+3y 1

Solutlon | (1) Gwen expression = (2x + 5y + 3) (2x + 5y + 4).
Let 2x + 5y = a, then
given expression

(a + 3) (a + 4)
a2+ 3+4)a+3x4
[ (x+a)(x+b) =x%2+(a+Db)x+ ab]

=a%2+7a+ 12

= 2x+5y%+7 (2x +5y) +12

=.(2x)% + 2(2x) (5y) + (5y)* + 14 x + 35y + 12
== x < L D0yl h 4 S H i D ’
Bx-y-4) Bx-y +5)

(i) Given expression
Let 3x — y = a, then
given expression

(@a-4) (a+5)
2 _(4-5)g=4x5 _
[ (x—a) (x + b) = x2 - (a—-Db) x — ab]

61 = UNDERSTANDING ICSE MATHEMATICS - IX APC
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firias 59 ' w WE know that (a - b) (az “-ab + bZ) - a3 4 b3

| \Given expression = (3x + 5y) [(3x)% - (3x) (5y) + 5y)?]
= (3x)% + (5y)°
= 27x3 + 125y°.
(ii) We know that (a - b) (a2 + ab + b?) = a’ - b3,

(-2 x.24(3]

;. given expression

Solution. We know that
(@+b+0 (a2+b2+c2—ab—bc—'ca)=a3+b3+ ¢3 — 3abc.
. Given expression = (x + 3y + 5z) [(x)2 + By)2 + (52)2 - (x) By)
| | ~ (By)(52) - (52) ()]
(x)3 + By)3 + (52)% - 3(x) By) (52)
= x3 + 27y3 + 12523 — 45xyz.

Solution. We know that
(a+b+c)(a2+b2+cz-ab-bc—ca)=a3+b3+c3—3abc.
. (3% -5y - 4) (9x2 + 25y% + 15xy + 12x - 20y + 16)
= (3x - 5y — 4) [(3x)? + (=5y)* + (-4)* - (3x) (=5y) — (=5y) (-4) - (-4) (3x)]
= (3x)? + (-5y)® + (-4)° - 3(3x) (-5y) (-4)

= 27x3 - 125y% — 64 — 180xy
= 27x3 — 125y° - 180xy — 64.

t:t'l"b) (x+c) —x3+(@+b+c)x2+ (ab + bc + ca) x + abc.
_&-‘_2)(x+3)(x+5)mth(x+a)(x+b)(x+c)

oVynloaded from https:// www.studiestoday.com
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Given product = x3 + (2 + 3 + 5 x2+ (23 +35+52)x+2.3.5
= x3 + 10x% + 31x + 30.
(i) Compare (x + 1) (x - 3) (x — 4) with (x + a) (x + b) (x + ¢).
Herea=1,b=-3and c = - 4.
Given product =x3+ (1 + (-3) + (- 4) x2 + [1.(=3) + (-3) (- 4) + (-4).1] x 1
+ 1.(-3) (-4) §

=x3-6x2 + 5x + 12.

Solution. We know that
x+a)(x+b)(x+c)=x3+(@+b+c)x?+ (ab+ bc + ca) x + abc.
Compare (x — 5) (x + 3) (x + 7) with (x + a) (x + b) (x + ¢).
Herea=-5b=3,andc =7

. Coefficient of x2=a+b+c=(-5)+3+7=>5and
coefficient of x = ab + bc + ca = (-5).3 + 3.7 + 7.(-5) = -29.

Solution. Given expression = (x2 + 2x + 3)? + (x2 — 2x + 3)?
= et (0 e bt (2 + 3) — (2x))2.
Let x2+ 3 =a and 2x = b, then
given expression = (a + b)*> + (a — b)?
= (a2 + 2ab + b?) + (a% — 2ab + b?)
= 2(a% + b?)
= D2t B)= 2y )2]
= 2[(x2)2 + 2(x2) (3) + (3)% + 4x?]
=2(x* + 6x2 + 9 + 4x?)
= 2x% + 20x2 + 18.
Coefficent of x? = 20.

Example 13. By using (a + b)2 = a2 + 2ab + b?, find the value of (10-3)%
Solution. (10-3)2 = (10 + -3)?

= (10)2 + 2 x 10 x -3 + (-3)?

= 100 + 6 + 09 = 106-09.

i Solutmn We know that (a - b)3 = a3 3a2b + 3ab? - bA.
Now (98)3 = (100 - 2)3
(100)3 - 3 x (100)2 x 2 + 3 x 100 x (2)2 - (2)3
(take 2 = 100 and b = 2)

= 1000000 - 60000 + 1200 — 8
= 1001200 60008 = 941192

Solutlon Gwena+b+c-0 = a+b——c
On cubing both sides, we get (@ + b)? = (- ¢)?
= B+ +3ab@+b)=-c buta+b=-

AVICHAL PUBLISHING COMPANY AVICHAL PUBLISHING COMPANY AVICHAL PUBLISHING COMPANY AVICHAL PUBLISHING COMPANY AVICHAL. PUBLISHING COMPANY
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FP 4 & = Babe.

Solution. (i) Let a = —23,' b =15 and ¢ = 8, then
a+b+c=-23+15+8=0

o qe P+ ¢ = 3abc (See example 15)

= (—23)3 + 15° + 8 = 3(-23) x 15 x 8 = —8280.

f e ] o
E (11) Let a = "4_: b = ‘?: and C = 12, then
| 1B | ¥ 3+4-7 0
= 4= -2 -0
At 4+3 12 12 12 L
s a3+ b3+ 3= 3abc (See example 15)

5 3 3 3

3 () -

Il
e ——
| =
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- 3= %

Solution. Givenx=2y+6==»x—2—=0
= x+(-2y)+(-6)=0
= (x)® + (-2y)® + (-6)° = 3(x) (-2y) (-6)
(-ifa+b+c=0, then a3 + b3 + ¢ = 3abc)

J

x3 — 8y — 216 = 36xy
— 3 — 8y® — 36xy — 216 = 0.

Bl il T SR

Snluon. We know that (a + b + ¢) (a® + b +

T
ot Mo

2—ab—bc—ca)=a3+b3+c3—3ab6,

a® + b3 + 3 - 3abc (a+b+c)(a? +b% +c%—ab-bc—ca)
ab + be + ca — (a% + b2 + %) — (a2 + b2 + c% — ab - bc — ca)
=—-(@a+b+c)
e (1-2-3)=-(—4) =4

1 Downloaded from https:// www.studiestoday.com
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Putting @ = 0-75 and b = 0-25 in this result, we get

075 x 075 x 075 + 025 x 025 % 025" " g+ b7 =S ST
075 x 075 — 075 x 025 + 025 x 025 a% — ab + b? Sl s Gl G Rl

a+b=075+025=1

W i 1 I
Bl el Yol ENF:)
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Solution. Gien a+b+c=0=ad+ b3+ 3 =3abc

_ )
(See example 15)

Alsoa+b+c=0=>b+c=-ac+a=-batb=-c

(b+c)?  (c+a)? (a+b) (—a)?  (=b)?  (-c)?
bc+'ca+ub ERR L R LT

Exam ple 21, Simplifiy 3(*.';'!? - b2
Solution. We know that if x + y + z = 0, then x3 + 3 + 2% = 3xyz.
Here, (a2 - b2) + (b2 - ¢2) + (c% — a?) = 0,
(@2 — b2)3 + (b2 — c2)3 + (c? — a?)3 = 3(a2 - b?) (V% — ?) (c® — a?).
Also, @-b) + (b—-c) + (c—a) =0, |
@-bB+@B-cP+(c-aP=3a-b)@®-c)(c-a)

(Hz o 52}3 + (bz a4 ¢2)3 A (62 ) az)a 3(:12 -52)(52 fom Cz)(cz _az)
(a-b)® +(b-c) +(c-a)d 3(a-b)(b-c)c-a)

(a-b)a+b)b-c)b+c)c-a)c+a)
L a=pb=n)c=q)

(a+0b) (b & c) (c + q).

AVICHAL PUBLISHING COMPANY AVICHAL PUBLISHING COMPANY AVICHAL PUBLISHING COMPARNY AVICHAL PUBLISHING COMPANY AVICHAL PUBLISHING COMPANY
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4.3 MORE APPLICATIONS OF SPECIAL PRODUCTS

b
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ILLUSTRATIVE EXAMPLES

Iy ’ Al A ik : I

Solution. (i) We know that (a + b)? = a? + b* + 2ab
= @2 +b2=@+b2-2ab buta+b=3andab=2
= a2+ b2 =32-22=9-4=5.

(11) (a-b)?=a2+b2—2ab=5—2.2=5—4=1

. a-b==x4J1 ==1.

(717) 2= —@ih)l@—b)=3x(x1)==3.
(iv) We know that (a + b)3 = a3 + b® + 3ab (a + b)

= a3+ b3 = (a+ b)—-3ab (a +b)

= B+ b =B8P=3.2.3=27-—18=9,
N R

g ‘;;. ERgi T t‘f’L CEEL

2
Solution. (i) We know that (.x-%) = x2 + L)

BLSHING COMPANY AVIGHAL PUBLISHING COMPANY AVICHAL PUBLISHING COMPANY AVICHAL PUBLISHING COMPANY
oo ] I '] A L T i o ; : b IS I RY

x2
D
x => Xs ot -1—=(.x-——1-) + 2
. x2 X
S = x2+—15=(5)2+2=25+2=27.
< 5
< o0& pdr it
s (ii) (x2+;-2—) = X +;-+2 ;
O
0 2
< = x4+% =(x2+l2) -2
X x
s xt+ L = (272-2=729-2=727.
| X

AVICHAL PULE

- = UNDERSTANDING ICSE MATHEMATICS - IX et APC

Downloaded from https:// www.studiestoday.com



_ Downloaded from https:// www.studiestoday.com

1y 1 i
e N G SO 1T (1
> ) =X 3 G g x(x x)

(5 + 3 x 5 = 125 + 15 = 140.

' . . | 12_ 2 1 2_7 2__9
Solution. (i) (x+;) a2 =7+ 2=

x2
= x+%=:J§=:3.
. 2
)y < 2-7-2-5

x2

+ V5.

2(#-5) =2(x+3) (-3

2x(£3) (x+5)==%645.

—
o
=
o
|
ol wis
I

Solution. Given @2 — 32 — 1 = 0, dividing each term by 4, we get

a—3.—-1-—0==vﬂ—l= :
a a

' ; 2
Now ‘(a—l) — b —15 -
2
1 1
2 el it (S
= e 2 (a u)

RN IWHOY ANMYANOD DNIHSTIENd TVHOIAY ANYSNOO ONIHSIENG WHOIAY ANVYANOD DNIHSTENG TIVHOWWY

TIVHOIAY ANYINOD ONIHS

: 2 1 il 5
Solution. Given xx” =2- =x+ o5

(i) Now .(x.-l) =(x2+i)-2
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L
3 ey i TlesidNd
(if) e -_x3—-x§ 3.x. —|x—+
3
et 1 el
sy xs—‘x?— X 2 +3| x i
Two cases arise : :

Case I. When x - %

I
N |

1 5 1 1
—| = x4+ —+2.x.—
We know that X + = X =2 =
B ikl o ey
R R
= X+ — =+ 9 =%3.
5
N x+-—1—3—3c3+——1 S L o
s 5x T
3
1 1 3 1
L S [T T e
= 125x3 X5 5 5x

Two cases arise :

Case I. When x + 51_;: =

B A e e e
x3+m—(3) Bi= 2 255

Case II. When x + 311-' = -3,

2
Solution. (i) (x2+>| = x* + o +2 =194 +2 =19

X x4

% -1,_— = 414 but x2 + iz is always positive,
X X

o2

= UNDERSTANDING ICSE MATHEMATICS - IX
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'._,e+_f=-— +2 = AP

x2

1 Lt
x3+-F+3.x. x\x+x)

(iii) (x + —) -

S L
—x+x+3\x+)

Il

1 I 1
= f+;3— (x+;) —3(.x+;).

Two cases arise :

Case I. When x + % =4,
B+ L —(4p-3.4=64-12=52
x .

Case II. When x + i- = -4,

B+ L =(-4p-3.(-4=-64+12=-52
; X

WAt I8 N i
e g e | e Bt Tt

Solution. Given x = 7 — 443

1 1 1 73448  7+443

—_ = = — X =
X e N3 7+443 72 -(443)?

7+43 _ 7+443

e 1
=7+ 443

X
On adding (i) and (ii), we get

!
= =

ol X + l = 14
o
1o\ 1 1 Lg%,
<o S0 e, & X+ —
Now (‘E"'JI) x+x+2JIJ; -

14 + 2
2

.-_;',5 [JE+71__x—) = 16 = Jf+—J1?-==JT6—=:4.

s x =, \/'f+—\[1?- :=-.0. So, we reject —4.

J_+71—-=

Ry Downloaded from https:// www.studiestoday.com

(Using part (7))
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(using (iii))
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} Solution. Given x = 3 + 242 =)

E G e e

j % G422, 83342 B-242 (SRS (DyIe

_ 3-22 3-22

9-8 1 |
5 - 2=3-2{2 i
k On subtracting (i7) from (i), we get
x-1-4y2 e i
5 3 i _J
) Now (x-—l) = x3—l3-—3.x.l(x—l) . 3
= X X B X 2
- o-gosfed -_
. X X J
1 B 1 |
5 = xX}-— = (x——) +3(x--—-)
: % X - | !
= x3 -——13— = (4/2) + 3 x 442 (using (iii)) !

LN LT | e

Solution. (@ + b +¢)? = a2 + b2 + ¢ + 2(ab + bc + ca)
=50+2x47 =50 + 94 = 144

= a+b+c==J144 =+ 12.

@+b+¢c)?%=a%2+b2+c%2+2(ab+ bc+ ca).
(x+y-2)2=x2+y2+ (-2)2+2[xy +y (-2) + (-2)x]
=22+ y2 + 22+ 2(xy — yz - zx)
42 = 38 + 2 (xy — yz — zx)
16 = 38 + 2 (xy — yz — zx)
2(xy — yz — zx) = 16 — 38 = =22
xy — yz — zx = —11.

R

Solution. We know that |
B+ +cB3-3abc=@+Db+c) @+ b2+ c2—-ab- bc - ca)
=(@+b+c) @ +b%+ c+ 2ab + 2bc + 2ca — 3ab — 3bc — 3ca)
=(@+b+c)[l@a+b+c)P-23@ab+ bc+ ca)]
=2[(2)?2 -3(-1)] =24 + 3) = 14

- = UNDERSTANDING ICSE MATHEMATICS - IX v APC
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- PP+ O-3-2) =1
‘i +P+3+6=14
= B+bhP+3=8

Solution. Given a + b = 10 ...(J)) and a2 + b%2 =58 el
| Now (a + b)? = a® + b + 2ab
%'. = 102 = 58 + 2ab - (using (i) and (ii))
3
| = 100 -58 =2ab = 42 = 2ab
= ab=21 | i)
We know that (@ + b)® = a® + b3 + 3ab(a + b)
= 1=+ +3x21x10 (using (i), (ii) and (iii))

= 1000 = a3 + b® + 630
= g3+ b3 = 370.

\NYANOD DONIHSIIENd IWHOIAY ANVANOO DONIHSITENd TWHOIAY

Solution. Let % - % = k (say)

A
,"." Y

= a = bk and b = ck 5
= a = ckkand b = ck T
- a = ck? S () R
and b =ck ... (i) *
Now, L.H.S. of the given result = (@ + b + c)@-b +c) =
= (ck2+ ck +¢c) (ck2-ck+¢c) [Using (i) and (ii)] E
=ck2+k+1)ck?-k+1) >
=c2(k2+1+k(k2+1—k) ,

= 2 [(k2+ 1)% - k?] _

=2 (k*+2k2+1-K) :

=2 (k*+ k2+ 1) (a1t *

And RHS. of the given result = a® + b + ¢? -'
= (ck?)? + (ck)? + ¢?

= A + 22 + 2 . ;

=2 (K+k2+1) ...(iv) j

From (jii) and (iv), it follows that @+b+c)@a-b+c)= a? + b? + 2

ur.'

Solution. Given p = q + 7 and p? + ¢* = 85.

ONIHSIENA TVHO

Now p=g+7=>p-q=7
p-q2=7=p2+q*-2pq=4 |
85— 2pq = 49 e p2+q2=85) ;
85 - 49 = 2pq :_
2pq = 36 = pq = 18. =

—
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Sotion. Let the two numbers be a and b, then
@+ b=7anda> £ b= =133

Nowa+b=7=@+b)3=73

a3 + b3 + 3ab (a + b) = 343

133 + 3ab x 7 = 343

21ab = 343 - 133 = 210

ab = 10.

We know that (@ + b)2 = a2 + b2 + 2ab
72 =a% + b%2 + 2 x 10

49 = g% + b2 + 20

a* tbet—49 20— 29
Hence the sum of the squares of the numbers is 29.

-----------

e R

6@ +P=13andab=6 find ()a+b (Ha-b
7.fa+b=4andab=-12 find ()a-b (i)a® -2

8. If p— g =9 and pq = 36, evaluate e e
| (ii) P2 -
9. Ifx+y=6andx—y =4, find (i) X2+ 2 (i) Xy.

'.__-:::h_x

| _ - Exercise 4.2
1. Ifx-y=8and xy =5, find x% + y2
2. If x + y = 10 and xy = 21, find 2(x2 + y?).
'3.1f 22 + 3b = 7 and ab = 2, find 442 + 912
~ 4.If 3x — 4y = 16 and xy = 4 find the value of 9x* + 16y> __

=1 findthevalue of @+ L.
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OHAPTER TEST

(2“x + 3..y + 5) (2 x+3y- 5) (6 —4 a7 Db
iii (7 3 xy)3 | (iv) (x +y + 2)%

= : 3 Evaluate 1002 x 998 by using a special product
4. Ifa+2b+ 3c =0, prove that a3 + 83 + 27¢3 = 18abc.
5. If 2x = 3y — 5, then find the value of 8x3 — 27y° — 90xy + 125.

IINY ANVANOD DNIHSTIENd IVHOIAY

.5, I{-_f 2 :}2- =5 evalugte ff o % i
71Ea +. % =pand a - % = g, find the relation between p and g. %
£ qu 2 +1 = 4, fmd the value of 24> + ;23— ;
fmd the values of %

(u) . 3 + ;1.:.,’. : . gl :—ﬁ %

: e value of g 1 é

-
=
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